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Achieving high workpiece accuracy is a long-term goal
of machine tool designers. Many causes can explain
workpiece inaccuracy, with thermal errors being the
most dominant. Indirect compensation (using predic-
tive models) is a promising thermal error reduction
strategy that does not increase machine tool costs. A
modeling approach using transfer functions (i.e., a dy-
namic method with a physical basis) has the poten-
tial to deal with this issue. The method does not re-
quire any intervention into the machine tool structure,
uses a minimum of additional gauges, and its mod-
eling and calculation speed are suitable for real-time
applications that result in as much as 80% thermal
error reduction. Compensation models for machine
tool thermal errors using transfer functions have been
successfully applied to various kinds of single-purpose
machines (milling, turning, floor-type, etc.) and have
been implemented directly into their control systems.
The aim of this research is to describe modern trends
in machine tool usage and focuses on the applicabil-
ity of the modeling approach to describe the multi-
functionality of a turning-milling center. A turning-
milling center is capable of adequately handling turn-
ing, milling, and boring operations. Calibrating a re-
liable compensation model is a real challenge. Op-
tions for reducing modeling and calibration time, an
approach to include machine tool multi-functionality
in the model structure, model transferability between
different machines of the same type, and model ver-
ification out of the calibration range are discussed in
greater detail.

Keywords: thermal error, compensation, accuracy, ma-
chine tool, multi-functionality

1. Introduction

The heat generated by moving axes and machining pro-
cesses creates thermal gradients, which result in ther-
mal elongation and bending of machine tool (MT) ele-
ments. This then deteriorates MT accuracy. Thermal
errors can be sufficiently reduced through new design

concepts (based on structural and material optimization
with respect to thermal errors with precise determina-
tion of boundary conditions [1]) and/or through temper-
ature control using advanced cooling systems, compo-
nents, or additional devices [2]. However, both of these
approaches have the drawback of introducing significant
additional MT costs. Direct compensation methods (em-
ploying additional measuring devices and regular measur-
ing cycles [3]) also adequately increase final product ac-
curacy but undesirably prolong machining time. By con-
trast, indirect (e.g., software; using mathematical models)
compensation of thermal errors between the tool center
point (TCP) and workpiece position is one of the most
widely employed reduction techniques due to its cost ef-
fectiveness, ease of application in real time, and minimal
need for additional gauges.

Ordinarily, thermal error models are based on measured
auxiliary variables [4] (temperature, spindle speed, etc.).
Many strategies have been investigated to establish the
models [5], e.g., multiple linear regressions [6], artificial
neural networks [7], finite element models (or simplified
physical models suitable for real time applications [8]),
transfer functions (TF) [4, 9, 10], and others.

The main aim of this study is to increase the accuracy
of a target machine through software (SW) compensations
used in calculating thermally induced displacements be-
tween TCP and a workpiece position. Although real-time
SW compensation approaches exist for thermal errors,
they have numerous serious drawbacks. The majority of
these approaches only presume MT thermo-mechanical
behavior under similar conditions to calibration measure-
ments [11], steady states [12], or present simulations with
little reference to modern trends such as multi-functional
variants of MTs [13]. An approach to thermal error mod-
eling of a multi-functional turning-milling center with
respect to variation in typical MT configurations (full-
fledged turning, milling, and drilling operations) is pro-
posed in this research. Linear and angular thermal errors
are considered. The proposed compensation approach
employs different variables as system inputs (tempera-
ture [14] as well as NC data [4]). In the final part of the
research, the developed compensation model is evaluated
in terms of calibration effort through application on a dif-
ferent target machine of the same type. In addition, the
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Fig. 1. Schema of the multi-functional turning-milling center.

model applicability is verified under different conditions
to calibration measurements (different MT axis configu-
rations).

2. Experiment Setup and Conditions

All experiments were performed on a turning-milling
center with a maximum turning length of 2,100 mm and
maximum turning diameter of 1,150 mm. The maximum
main spindle (S1) speed was 2,800 rpm and the maximum
milling head spindle (S3) speed was 6,500 rpm. The mul-
tifunctional MT is capable of three full-bodied technolo-
gies, namely, turning, milling, and drilling. The schema
of the examined MT with approximate positions of tem-
perature sensors (used additionally in the modeling part)
is shown in Fig. 1.

One external RTD sensor (Pt100, Class A,
3850 ppm/K) was used to record ambient tempera-
ture changes (Tamb. in Fig. 1). Eddy current sensors
(PR6423, Emerson) firmly clasped in a measuring fixture
were used for non-contact sensing of thermal displace-
ments at a micrometer resolution. Relative thermal
displacements were measured between the mandrel
(length: 125 mm, diameter: 40 mm) representing the
TCP and main spindle (regular workpiece position).
Other information (spindle bearing temperatures TS1, TS3,
and spindle speeds nS1, nS3) was taken directly from the
MT control system.

All results and conclusions were closely associated
with the following experiment conditions: 1) load-free
(without a cutting process); 2) calibration in three MT
axis configurations (without any reference to volumetric
errors); 3) the compensation model was not implemented
into the MT control system and was applied to experimen-
tal data offline.

Three experimental setups for typical MT axis configu-
rations corresponding to drilling, milling, and turning op-
erations are schematically depicted in Fig. 2.

The situation as depicted in Fig. 3 describes the real
experimental setup of MT axis configurations for drilling
operations, where the measuring fixture (representing a
workpiece) was mounted on the main spindle, the milling
head was equipped with the mandrel (representing a
tool), and the milling head was positioned in a horizon-

  

Fig. 2. Typical MT configurations for drilling (left), milling
(middle), and turning (right) operations with crucial error
directions.

Fig. 3. Experimental setup for drilling configuration.

 

Fig. 4. Experimental setup for milling (left) and turning
(right) configurations.

tal position.
MT axis configurations (along with the real experimen-

tal setup) for milling operations are visible on the left side
of Fig. 4. Similar to the situation shown in Fig. 3, the mea-
suring fixture was mounted on the main spindle, and the
milling head was equipped with the mandrel. The milling
head was positioned vertically in this case.

The right side of Fig. 4 describes MT axis configura-
tions and the real experimental setup for turning opera-
tions, where the measuring fixture (representing a station-
ary cutter) was mounted on the milling head, the main
spindle was equipped with the mandrel (representing a
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rotating workpiece), and the milling head was positioned
vertically.

Linear deformations are dominant when the mandrel is
positioned in the milling head (S3), i.e., in milling and
drilling configurations. The modeling effort is further fo-
cused on deformations in the X (milling) and Z (drilling)
directions, as shown in Fig. 2.

Changes in diameter are critical during turning oper-
ations. The mandrel is short and narrow with respect
to the MT working dimensions, and linear deformations
related to turning operations are presumably insignifi-
cant. By contrast, more significant angular deformations
in xz plane were expected. The calculation of the angu-
lar component from the measured linear deformations is
based on the following equation:

ϕxz turn.mea. = (δX1 turn.mea.−δX2 turn.mea.) ·10 . (1)

where ϕxz turn.mea. is the angular component of deforma-
tion, and δX1 turn.mea. and δX2 turn.mea. are the linear de-
formations measured during the experiments. The differ-
ence in linear deformations was multiplied by 10 to ex-
press angular deformations in μm ·m−1, as the distance
between the measuring positions X1 and X2 was invari-
able at 100 mm during all experiments.

3. Calibration, Identification, and Modeling

General demands on a modeling approach of MT ther-
mal errors are based on the use of a minimum of addi-
tional gauges to avoid an increase in MT price (using in-
formation from the MT control system only if possible),
potentialities to real time applications, and ease of im-
plementation into the MT control system. An approach
using TFs appears to be a suitable tool to cope with the
demands [4, 9, 10].

The compensation strategy based on TFs is a dynamic
method with a physical basis. A discrete TF is used to
describe the link between the excitation and its response
as expressed in the following equation:

y(t) = u(t) · ε + e(t) . . . . . . . . . . . (2)

where u(t) is the TF input vector in the time domain (tem-
perature or spindle speed), y(t) is the output vector, ε rep-
resents the TF in the time domain, and e(t) is the distur-
bance value (further disregarded).

The different form of the TF in the time domain is in-
troduced by the following equation:

y(k) =
u(k− i)ai

b0
+ · · ·+ u(k−1)a1

b0

+
u(k)a0

b0
−
(

y(k− j)b j

b0
+ · · ·+ y(k−1)b1

b0

)
(3)

where k − i (k − j) signifies the i-multiple ( j-multiple)
delay in sampling frequency. Linear parametric mod-
els of autoregressive with external input (ARX) or out-
put error (OE) identifying structures were used to set TF
calibration coefficients ai and b j. The stability of each

TF was examined through a linear time invariant (LTI)
step response [15]. All data processing, modeling, and
simulations were executed in MATLAB and MATLAB
SIMULINK software (R2014b).

Analogically to the mechanical TFs, excitations in the
employed “thermal” TFs mean that temperatures are mea-
sured as close as possible to the described heat sources or
the actual spindle speed. The responses represent the lin-
ear or angular deflections in the examined directions.

An approximation quality of the simulated behavior is
the percentage value (fit) of the output variation repro-
duced by the model [15]. The fit value given by the fol-
lowing equation is based on the least square method. The
100% refers to the total conjunction of measured and sim-
ulated behaviors:

fit =

(
1− ‖δmea.−δsim.‖∥∥δmea.− δ̄mea.

∥∥
)
·100 . . . . . (4)

where δmea. denotes the measured deformation, δsim. is the
simulated/predicted model output, and δ̄mea. expresses the
arithmetic mean of the measured deformation over time.
The vector norm used in Eq. (4) is generally expressed as:

‖δ‖ =
√

δ 2
1 +δ 2

2 + · · ·+δ 2
i . . . . . . . (5)

where δ is the general vector of length i.
Because most of the thermo-mechanical process caused

by milling head (S3) rotation occurs within the MT com-
ponent with a small heat transfer to the rest of the MT
structure (due to a significant thermal resistance of joint
elements between S3 and the rest of the MT), the milling
head thermo-mechanical behavior is expected as position-
ally invariant. For that reason, only one model was devel-
oped to approximate both milling and drilling configura-
tions. The model of thermal deformations between the
main spindle (S1 – workpiece fixturing) and the milling
head (S3 – tool position) is expressed by:

δX mill.sim. = δZ drill.sim.

= ΔTamb. · ε1︸ ︷︷ ︸
ambient

+(ΔTS3 −ΔTamb.) · ε2︸ ︷︷ ︸
milling head speed

. (6)

where δX mill.sim. and δZ drill.sim. are simulated approxima-
tion values, ΔTS3 is the milling head bearing temperature
expressed in relative coordinates taken directly from the
MT control system, ΔTamb. is information in relative coor-
dinates from the external ambient temperature sensor, and
ε1 and ε2 are relevant TFs in the time domain. The thermal
error model in Eq. (6) is a system that separately resolves
the ambient temperature and speed of the milling head im-
pact with subsequent superposition of both elements. The
described modeling approach (used also in [4, 9, 14]) gen-
erates a transparent model structure, which enables possi-
ble description of other thermal sources affecting MT ac-
curacy (feed drives, addition cooling systems, sub-spindle
activity, cutting process, etc.).

Angular deformations in the xz plane are dominant dur-
ing turning configuration measurements. In our study, the
main spindle speed was used as system input due to the
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Table 1. Setup of calibration tests.

Typical Heat Spindle Duration [h]
config. source speed [rpm] Heating Cooling
Milling ambient 0 34
Milling S3 1400 10 8
Turning S1 1000 10 10

 
Fig. 5. System input (left) and output (right) during the TF
identification process: ETVE test, configuration typical for
milling operations.

absence of temperature readings with an obvious correla-
tion to angular deformations. An approximation of angu-
lar deformations in the xz plane (the direction from which
the tool is applied) is expressed in the following equation:

ϕxz turn.sim. = nS1 · γ1 . . . . . . . . . . . (7)

where ϕxz turn.sim. is the simulated approximation value,
nS1 is the actual main spindle speed used as the input
value [4], and γ1 is the relevant TF in the time domain.
The influence of the ambient temperature on angular ther-
mal error was not considered.

Three calibration measurements, as summarized in Ta-
ble 1, were necessary to identify model parameters.

Ambient temperature impact on MT accuracy poses a
complex issue that requires an autonomous approach [16].
A simplification in terms of only one temperature (Tamb.)
used as a model input parameter is presented in this re-
search. The issue in milling configurations was deter-
mined through an environmental temperature variation er-
ror (ETVE) test executed based on the international stan-
dard ISO 230-3 [17]. Thermo-mechanical system input
and outputs along with simulated and residual values dur-
ing the ETVE test are presented in Fig. 5.

The stability of the identified TF ε1 and a better un-
derstanding of the identified ambient temperature thermo-
mechanical impact on the examined MT is expressed
by an LTI step response (Fig. 6), where system excita-
tion represents the sudden change in ambient tempera-
ture ΔTamb. = 1◦C, and system response is the predicted
deformation given by the first part of Eq. (6), namely,
ΔTamb. ∗ ε1.

The calibration measurements of axes (S1, S3) consist
of transient behaviors between two thermodynamic equi-
libria (MT in approximate balance with its surroundings
and MT steady state during heat source activity or dur-

Fig. 6. Stability of the TF (ε1) identified by the LTI step
response.

 

Fig. 7. System input (left) and output (right) during the
TF identification process: linear deformations, configuration
typical for milling operations.

Fig. 8. Stability of the TF (ε2) identified by the LTI step
response.

ing the cooling phase). The TF identification process of
milling head activity is shown in Fig. 7. The identifica-
tion process refers to the typical MT configuration for
milling operations. The graph on the left side of Fig. 7
shows inputs into the thermo-mechanical system (the tem-
perature difference ΔTS3 −ΔTamb.), and the graph on the
right shows the measured, simulated, and residual out-
puts. Both phases (heating and cooling) were considered.
The ambient temperature impact was extracted from the
measured deformations with the help of the first part of
Eq. (6) (thin line on the right side of the figure).

The stability of the identified TF ε2 and a better
understanding of milling head activity in the thermo-
mechanical behavior of the examined MT is expressed by
the LTI step response (Fig. 8), where system excitation
represents the sudden change of temperature difference
ΔTS3−ΔTamb. = 1◦C, and system response is the predicted
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Fig. 9. System input (left) and output (right) during the TF
identification process: angular deformations, configuration
typical for turning operations.

 

Fig. 10. Stability of the TF (γ1) identified by the LTI step
response.

Table 2. Calibration coefficients of TF model.

TF a0
[μm2/◦C]

a1
[μm2/◦C]

a2
[μm2/◦C]

b0
[μm]

b1
[μm]

b2
[μm]

ε1 0.1929 −0.384 0.1912 1 −1.9 0.99
ε2 0.0642 0 0 1 −0.0025 −0.99
γ1 0.0063 −0.0126 0.0063 1 −1.9 0.99

deformation given by the second part of Eq. (6), namely,
(ΔTS3 −ΔTamb.)∗ ε2.

The TF identification process of the main spindle activ-
ity is shown in Fig. 9. The identification process refers to
a typical MT configuration for turning operations. The
graph on the left side of Fig. 9 shows input into the
thermo-mechanical system (the main spindle speed nS1),
and the graph on the right shows the measured, simulated,
and residual outputs (angular deformations in xz plain).
Both phases (heating and cooling) were considered.

The stability of the identified TF γ1 and a better un-
derstanding of the main spindle activity in the thermo-
mechanical behavior of the examined MT is expressed
by the LTI step response (Fig. 10), where system exci-
tation represents the sudden change in the spindle speed
nS1 = 1 rpm, and system response is the predicted angular
deformation given by Eq. (7).

The established calibration coefficients of all identified
TFs (see Eqs. (6) and (7)) are summarized in Table 2.

The compensation could be realized in a control sys-
tem through an offsets setup on the MT linear axes. The
proposed compensation model has yet to be implemented

 

 

Fig. 11. Compensation model temperature inputs and
milling head speed behavior during the milling (upper) and
drilling (lower) configuration verification tests.

Fig. 12. Application of the TF model to verification experi-
ments of typical configurations for milling operations.

in an MT control system. All results will be presented as
offline applications on measured uncompensated data in
the following sections.

4. Application and Verification

Three experiments were conducted to verify the valid-
ity of the compensation models. All verification tests con-
sisted of two rpm spectra separated by controlled activity
interruption.

The upper part of Fig. 11 shows thermo-mechanical
system temperature inputs during milling configuration
verification tests and also shows the milling head spin-
dle speed behavior. The lower part of Fig. 11 shows the
inputs during drilling configuration verification tests and
also depicts the milling head spindle speed behavior.

Figure 12 shows outputs (measured thermal errors
without compensation) during the milling verification ex-
periment. MT thermal error states after compensation
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Fig. 13. Application of the TF model to verification experi-
ments of typical configurations for drilling operations.

Fig. 14. Application of the TF model to the typical turning
operation verification experiment: angular deformations.

were calculated offline based on the difference between
the measured and simulated values (δmea. − δsim.). The
simulated value (δX mill.sim) was obtained by using Eq. (6).

The improvement of the thermo-mechanical state (ex-
pressed by fit; Eq. (4)) was 71% in the milling configura-
tion as compared to the uncompensated state.

Figure 13 shows outputs during the verification experi-
ments with the drilling configuration. The simulated value
(δZ drill.sim) was obtained by using Eq. (6).

The improvement of the thermo-mechanical state was
77% in the drilling configuration as compared to the un-
compensated state.

Both inputs (main spindle speed) and outputs (mea-
sured angular thermal deformations in xz plane) to the
thermo-mechanical system during the turning configura-
tion verification test are shown in Fig. 14. The calculated
residual angular deformations are shown in the same fig-
ure (thick line). The simulated value (ϕxz turn.sim.; nec-
essary for the residue value calculation) was obtained by
applying Eq. (7) to the measured data.

Compared to the uncompensated state, the improve-
ment of the angular thermo-mechanical state in xz plane
during the turning configuration was 68%.

A disadvantage of models based on spindle speeds (and
other NC data [4, 10]) lies in their indirect connection to
a relevant heat source. These types of inputs cannot ade-
quately respond to actual changes in the source (e.g., wear
of spindle bearings reflected in increases in temperature).

 

Fig. 15. Comparison of states without (left) and after (right)
compensation in X , Y , and Z linear directions: drilling con-
figuration.

5. Discussion

5.1. Compensation Results in Other Directions
Linear thermal error approximations of other directions

during drilling (milling) and turning configurations are
presented in the following paragraph. A similar struc-
ture of thermal error models was applied according to
Eq. (6). The identification of TF calibration coefficients
approximating the other directions was conducted using
the process described in Section 3. All model build-up
and identification process details are beyond the scope of
this study. For this reason, only short descriptions and re-
sults are discussed. The entire data processing and mod-
eling parts of the research lasted up to 40 h.

Models approximating linear deformations of the re-
maining X and Y directions in the case of the drilling
configuration were applied to the verification test from
the lower chart in Fig. 11. The models had similar tem-
perature inputs to Eq. (6). The measured deformations
and results of the models applied in all of the considered
directions during the drilling configuration are shown in
Fig. 15.

The MT accuracy improvements were 10% in the X di-
rection and 74% in the Y direction as compared to the
uncompensated state. The symmetrical structure of the
milling head resulted in relatively small measured linear
deformations in the X direction during the drilling config-
uration. Compensation of the X direction is possible to
neglect for the perspective of the modeling effort and low
reduction effect.

Models approximating linear deformations in the X , Y ,
and Z directions in the case of the turning configuration
were applied to the verification test described in Fig. 14.
A different temperature (main spindle bearings ΔTS1 in-
stead of ΔTS3) was used as input along with the ambient
temperature ΔTamb. in the approximation models based on
Eq. (6). Temperature inputs during the verification test are
shown in Fig. 16.

Measured deformations and results of the model appli-
cations are shown in Fig. 17.

The MT accuracy improvements were 53%, 60%, and
74% in the X , Y , and Z directions, respectively, as com-
pared to the uncompensated state. The most critical de-
formations in the X direction during the turning config-
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Fig. 16. Model temperature inputs and main spindle speed
behavior during the turning configuration verification tests.

 

 

Fig. 17. Comparison of states without (left) and after (right)
compensation in X , Y , and Z linear directions: turning con-
figuration.

uration also depend on the workpiece diameter, and this
variable should not be overlooked.

5.2. Evaluation of Model Transferability
The industrial applicability of compensation models es-

sentially depends on the calibration effort, specifically, the
time to be spent on a new MT to adjust model parameters
to enhance MT accuracy to a desired level [10]. Because
the compensation model is built up, transferability and ad-
justment on a different target machine of the same type
(the same size and structure) are discussed in further de-
tail.

The setup example for verification experiments on a
different target machine corresponds to the left side in
Fig. 4, that is, the milling configuration. Temperature in-
puts into the compensation model from Eq. (6) along with
the milling head speed spectrum during the verification
test are depicted in Fig. 18.

Measured deformations and results of the applied ther-
mal error model for the X direction are shown in Fig. 19.

The original approximation model from Eq. (6) had to
be modified by a coefficient of 0.7 to achieve an 85%
thermal error reduction on the examined different tar-
get machine for the milling configuration. The thermo-
mechanical behavior of the different target machine var-
ied from the original machine in the magnitude of only
the approximation value (presumably because of the un-
known assembling processes of both spindle heads and
different degrees of wear). The time constants of tran-
sient thermo-mechanical behaviors of both machines were
similar. The correction coefficient 0.7 was sufficient to

 

Fig. 18. Temperature inputs and milling head speed behav-
ior during the verification experiment within milling opera-
tions: second target machine.

 

Fig. 19. Application of the TF model to verification experi-
ment within milling operations: second target machine.

achieve a significant thermal error reduction with no need
for additional calibration measurements or increase in
modeling effort.

The compensation model is sensitive to any changes
in thermal sources. The difference in cooling systems or
mechanical assembly (including any small alteration in a
sub-component supplier) often leads to model failures and
recalibration.

5.3. Model Validation Out of Calibration Range
Thermal error compensation models from Eqs. (6)

and (7) were calibrated in one MT axis position. A veri-
fication test of a model approximating thermal errors in-
duced by milling head activity during the MT milling con-
figuration out of its calibration range was conducted based
on the experimental setup shown in Fig. 20. The position
of the measuring fixture was transferred to the sub-spindle
in contrast to its calibration position in the main spindle.
The mandrel remained in the milling head, and the milling
head was placed in the vertical position, which is a typical
configuration for milling operations.

Temperature inputs into the compensation model from
Eq. (6) along with the milling head speed spectrum dur-
ing the verification test are depicted in the upper part of
Fig. 21. The measured deformations and results of the ap-
plied thermal error model for the X direction are shown in
the lower part of Fig. 21.

The original approximation model from Eq. (6) regis-
tered no changes in its structure. The reduction in thermal
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Fig. 20. Experiment MT setup for configurations with mea-
suring fixture clamped in a sub-spindle S2.

 

 

Fig. 21. Temperature inputs and milling head speed be-
havior (upper) and application of the TF model (lower) to
verification experiments of typical configurations for milling
operations: setup with sub-spindle S2.

deformations was as much as 80% as compared to the un-
compensated state.

Because the model achieved a fine approximation qual-
ity through the MT workspace, it should be validated un-
der real cutting process conditions to widen the model’s
functional guarantee over the calibration range.

6. Conclusion

The main objective of the scientific investigation pre-
sented in this study was to enhance MT accuracy by min-
imizing thermal errors while considering MT multifunc-
tionality. The basic requirements that are typically placed
on compensation methods include the role of the main
thermal sources, elimination of their influence on various
MT configurations, long-term stability, and minimal in-

crease in MT costs. The developed compensation model
based on TFs led to promising results, which confirms that
TFs are a suitable apparatus for thermal error modeling.

The tested machine was a multifunctional turning-
milling center. The experiments were conducted under
the following specific conditions: no cutting process was
involved and the calibration was performed along the MT
axes typical for turning, milling, and drilling configura-
tions. The developed compensation model approximated
undesirable thermal errors caused by the main spindle, the
milling head spindle rotation, and ambient temperature.
Compensation was considered for linear and angular de-
formation components of thermal errors.

The approximation quality of the models based on TFs
was verified during various and long (up to 45 h) main
spindle and milling head speed spectra; application on a
different target machine of the same type with evaluation
of model recalibration effort; and conditions that differed
from the calibration tests (model validation through the
MT workspace).

A satisfying result of 72% thermal error reduction on
average (across all of the presented tests and consid-
ered directions) as compared to the original states was
achieved.

Follow-up research will focus on testing cutting pro-
cess impact (at least finishing conditions during milling
and turning operations), volumetric accuracy, and thermal
error compensation model implementation directly into
the MT control system.
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