
Tribology International 183 (2023) 108356

Available online 23 February 2023
0301-679X/© 2023 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
nc-nd/4.0/).

Experimental and theoretical study on the dynamic stiffness of circular oil 
hydrostatic shallow recess thrust bearings 
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A B S T R A C T   

The dynamic stiffness of traditional (deep recess) hydrostatic bearings decreases due to the fluid compressibility 
between the bearing and a compensation device, e.g., a capillary. Shallow recess bearings, on the other hand, 
reduce the influence of fluid compressibility on dynamic stiffness through a reduced compressible volume and 
inherent stiffness. This article outlines a theoretical and experimental study of the dynamic stiffness of oil hy-
drostatic shallow recess thrust bearings without external compensation devices and in combination with external 
capillaries. The measurements performed in the study validate the theoretical models and the potential to in-
crease dynamic stiffness. In addition, analytical solutions are proposed for the stiffness and damping of a circular 
shallow recess thrust bearing.   

1. Introduction 

Precision machine tools depend on a balanced combination of 
damping and stiffness [1]. Hydrostatic (HS) bearings are a convenient 
tool to meet these requirements [2]. However, most hydrostatic appli-
cations use pockets with deep recesses and external compensation de-
vices [3]. Since the recess is several orders of magnitude above the film 
thickness, its hydraulic resistance is negligible. Previous studies have 
dealt with both the static [3] and dynamic [4,5] behaviour of deep 
recess HS bearings. A disadvantage of this bearing concept is that 
excessive compressibility can result in increased dynamic compliance 
[6]. C. R. Adams developed a different bearing concept in 1958 using a 
shallow recess [7]. In this concept, the recess depth is of the same 
magnitude as the film thickness, so the pressure drop is no longer 
neglectable [8]. As a result, this bearing type does not require external 
components, significantly reducing the compressible volume. The static 
behaviour of shallow recess (SR) bearings is well known [8,9]. Although 
an additional external capillary (CAP) is not required, it can increase 
static stiffness [10]. Furthermore, a single shallow recess pocket can 
support eccentric loads [11], which externally compensated deep recess 
bearings are not capable of [12]. No further work exists on the dynamic 

behaviour of oil hydrostatic shallow recess thrust bearings with or 
without an external capillary. 

Due to the inherent stiffness and reduced compressible volume 
compared to deep recess bearings, SR bearings offer the potential to 
have superior dynamic stiffness. This article presents a general model for 
the dynamic behaviour of SR bearings, which can also consider the in-
fluence of an additional external capillary and the hydraulic capacity it 
introduces. To validate the model, we carried out experiments with 
circular thrust bearings with a nominal recess depth of 10 µm and film 
thicknesses from 5 to 20 µm with and without external compensation 
devices (capillaries). Here, the frequency response function (FRF) was 
experimentally determined up to 2 kHz at a supply pressure of 
10.5 MPa. The measurements and the models show good 
correspondence. 

2. Material and methods 

2.1. Test bench 

Fig. 1 shows a sectional view of the test bench. The foundation is a 
massive bolted steel frame (1) to ensure high static and dynamic stiff-
ness. The pocket module (8) and the bearing plate (6) form the 
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hydrostatic bearing unit. The pocket module has three symmetrical, 
independent pockets for greater tilting stiffness (see Fig. 2). Therefore, 
the influence of tilting effects is neglectable. The bearing plate repre-
sents the flat mating surfaces. A flexure (5) connects the bearing plate to 
the frame and prevents movement in the bearing plane without 
restricting axial or tilting motion. A capacitive sensor (7) measures the 
relative displacement between the bearing plate and the pocket module, 
respectively, the film thickness. A parallel configuration of static and 
dynamic force loads the bearing unit. Preloaded disk springs (3) apply 
the static part and a piezo actuator (2) applies the dynamic part. A force 
sensor (4) mounted concentrically on the bearing plate measures the 
resulting total force. Two versions are available for the three supply 
modules (10), each with a rectangular channel geometry but different 
hydraulic resistances. The first version is a fixed laminar-flow restrictor 
which throttles the hydraulic supply (height 0.156 mm, width 2 mm, 
length 100 mm). In this article, the fixed laminar-flow restrictor is 

referred to as a capillary. The second version passes the hydraulic supply 
directly to the bearing with negligible hydraulic resistance (height 
4 mm, width 4 mm, length 15 mm). A service port (9) enables temper-
ature and pressure measurements between each capillary and pocket. 
This service port and the piping between the pocket and the capillary 
result in a compressible volume of V = 2871 mm3. After exiting the 
bearing, the fluid flows back into the hydraulic circuit through a col-
lecting groove (11). 

2.2. Bearing unit 

As mentioned in the previous section, the bearing unit consists of 
three pockets. Fig. 2 shows an overview of the two components 
comprising the bearing unit. 

All functional surfaces have high flatness and surface roughness re-
quirements for measuring dynamic properties at microfilm thicknesses. 

Nomenclature 

A Area 
(
m2). 

Ae Effective area (m2). 
c1 Integration constant 1( -). 
c2 Integration constant 2 (-). 
C Hydraulic capacity (m5/N). 
dden Denominator of the damping constant (m9). 
dnum Numerator of the damping constant (Nsm8). 
dSR Damping constant (Ns/m). 
fc,RC Cut-off frequency supply system (1/s). 
fc,sys Cut-off frequency of the system (1/s). 
F Force (N). 
Fd Damping force (N). 
Fdyn External dynamic excitation force (N). 
Fp Force generated by the pressure profile (N). 
Fp,1 Pressure introduced force – section 1 (N). 
Fp,2 Pressure introduced force – section 2 (N). 
Fsq,I Squeeze force – section I (N). 
Fsq,II Squeeze force – section II (N). 
h Film Thickness (m). 
hs Step height (m). 
hI Film thickness – section I (m). 
hII Film thickness – section II (m). 
k Stiffness (N/m). 
kCAP Static stiffness of SR pocket with CAP (N/m). 
kSR Static stiffness of SR pocket (N/m). 
kTB Static stiffness of test bench (N/m). 
K Isothermal tangent bulk modulus (N/m2). 
m Moving mass (kg). 
n Number of pockets (-). 
p Pressure (N/m2). 
p0 Pressure at the pocket inlet (N/m2). 
p1 Pressure at the step (N/m2). 
psq,I Squeeze pressure – section I (N/m2). 
psq,II Squeeze pressure – section II (N/m2). 
pp Supply pressure (N/m2). 
Q Volume flow (m3/s). 
QC Volume flow into the capacity (m3/s). 
QCAP Volume flow through capillary (m3/s). 
Qsq Squeeze volume flow (m3/s). 
QSR Volume flow through SR pocket (m3/s). 
QI Volume flow over recess (m3/s). 
QII Volume flow over land (m3/s). 

r Radius (m). 
r0 Radius of the pocket inlet (m). 
r1 Radius of the step (m). 
r2 Radius of the pocket outlet (m). 
R Hydraulic resistance (Ns/m5). 
Ra Arithmetical mean roughness value (m). 
RCAP Hydraulic resistance of the capillary (Ns/m5). 
RSR Hydraulic resistance of the SR pocket (Ns/m5). 
Rz Mean roughness depth (m). 
RI Hydraulic resistance – section I (Ns/m5). 
RII Hydraulic resistance – section II (Ns/m5). 
t Time (s). 
T Temperature (◦C). 
T0 Fluid temperature at the bearing inlet (◦C). 
V Volume of the cavity and piping after CAP (m3). 
VI Viscosity index (-). 
w Velocity (m/s). 
wA Velocity of the top plane (m/s). 
wB Velocity of the bottom plane (m/s). 
x Position along x-axis (m). 
z Position along z-axis (m). 
Δp0 Pocket inlet pressure deviation (N/m2). 
μ Dynamic viscosity (Ns/m2). 
ν Kinematic viscosity (m2/s). 
ν0 Kinematic viscosity at 0 ◦C (m2/s). 
ν40 Kinematic viscosity at 40 ◦C (m2/s). 
ν100 Kinematic viscosity at 100 ◦C (m2/s). 
ρ15 Density at 15 ◦C (kg/m3). 
σ1 Auxiliary subexpression (m3s/kg). 
σ2 Substitution (-). 
ϕ Angular coordinate (rad). 
ω0 Natural frequency of the undamped system (1/s). 

Abbreviations 
CAP Capillary. 
DAQ Data acquisition. 
DR Deep recess. 
exp Experiment. 
FRF Frequency response function. 
HS Hydrostatic. 
sim Simulation. 
SR Shallow recess. 
SR+CAP SR bearing combined with CAP. 
TB Test bench.  
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Therefore, we first lapped both components. Subsequently, the pocket 
module section I (see Fig. 1) was recessed by approximately 10 µm by 
precision milling. This area represents the shallow recess and therefore 
is fundamental for the working principle. Table 1 lists the three radii, 
which are identical for all three circular pockets. Appendix A provides 
the engineering drawings of the two components. 

Both components were measured in scanning mode on a ZEISS 
PRISMO CMM for geometric errors and a ZEISS SURFCOM 130A for 
surface properties, namely arithmetical mean roughness value Ra and 
mean roughness depth Rz. Table 2 lists all the measured properties and 
their values. 

Since six screws hold the pocket module to the frame, preloading 
them can introduce distortion if the mating surfaces are uneven. 
Therefore, the module is glued in with Loctite 243 to compensate for any 
unevenness. Additionally, the screws were tightened after curing the 

compound. Finally, a comparative measurement in the installed state 
confirmed the previously measured properties listed in Table 2. 

2.3. Hydraulic supply 

The nominal supply pressure pp of 10.5 MPa and fluid temperature of 
22 ◦C were identical for all measurements. Appendix B lists the 
measured values for each experiment discussed in Chapter 4.2. Table 3 
shows the general physical properties of the fluid that was used. 

The fluid temperature influences the squeeze damping via the dy-
namic viscosity µ. A temperature sensor measures the fluid inlet tem-
perature To (see Fig. 1, Number 9) to consider this influence. 
Additionally, an external laboratory determined the fluid dynamic vis-
cosity as a function of temperature. Eq. (1) shows the Andrade’s equa-
tion fitted for a temperature range of 20–26 ◦C with a standard deviation 
of 1.8‰: 

µ = 0.23623e− 0.05825To (1) 

Considering pressure and temperature, the isothermal tangent bulk 
modulus K calculates according to Karjalainen [13]. At nominal supply 
pressure and fluid temperature, this leads to an isothermal bulk modulus 
of 1.95 × 109 N/m2. 

2.4. Data acquisition 

A data acquisition (DAQ) system measures the time-critical signals 
related to force and displacement and temperature and pressure signals. 
The DAQ system consists of a CompactDAQ-9188 from National In-
struments with multiple input modules. A NI-9239 records the time- 
critical signals with simultaneous sampling at 50 kS/s/ch and 24-bit 
resolution. In addition, an integrated passband filter up to 22.65 kHz 
prevents aliasing. The high sampling rate was selected to investigate the 
FRF of the test bench up to 5 kHz with the identical setup, which re-
quires a sampling rate greater than 10 kHz. Table 4 gives an overview of 
the hardware. 

2.5. Measuring Methodology 

We assume a linear time-invariant system for the following analysis. 
A test signal with frequencies from 0.1 to 2000 Hz excites the bearing for 
the experimental determination of the dynamic stiffness. The first 
eigenfrequency of the test bench at 2.5 kHz limits the maximum exci-
tation frequency. The DAQ system, with a sampling frequency of 50 kHz 

Fig. 1. Test bench cross section.  

Fig. 2. Pocket module (left) and bearing plate (right).  

Table 1 
Nominal bearing radii.  

Feature [mm] 

Radius of the pocket inlet r0  0.5 
Radius of the step r1  5 
Radius of the pocket outlet r2  8  

Table 2 
Measured geometric properties, dimensions and surface quality of the 
bearing unit.  

Feature [µm] 

Bearing plate – flatness 0.5 
Pocket module – flatness lands 0.4 
Avg. depth Recess 1 9.4 
Avg. depth Recess 2 8.9 
Avg. depth Recess 3 9.1 
Bearing plate – avg. Rz | Ra 1.046 | 0.151 
Pocket module – land - avg. Rz | Ra 0.852 | 0.109 
Pocket module – recess - avg. Rz | Ra 1.084 | 0.158 
Step height hs (for simulation) 9.1  

Table 3 
Properties of the hydraulic fluid.  

Oil 
type 

Kinematic 
viscosity at 
0 ◦C ν0 

Kinematic 
viscosity at 
40 ◦C ν40 

Kinematic 
viscosity at 
100 ◦C ν100 

Viscosity 
index VI 

Density 
at 15 ◦C 
ρ15 

VG 
32 338 

mm2

s 
32 

mm2

s 
5.4 

mm2

s  
99 875 

kg
m3  
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and an integrated anti-aliasing filter, satisfies the Nyquist-Shannon 
theorem. According to the Rayleigh Criterion, one measurement con-
sists of a discrete number of 219 samplings, resulting in a frequency 
resolution of 0.095 Hz and a measurement time of 10.486 s. 

2.5.1. Test signals 
The excitation signal consists of a multi-sine. Furthermore, the 

discrete number of sampling points always equals an integer multiple of 
the frequencies. As a result, the processing does not require any window 
function and no leakage occurs. 

The amplitude is equal for all frequencies but with different phases, 
according to Schröder [14], which requires a linear equidistant spacing 
of the frequencies. Therefore, the frequency spectrum is divided into 
four logarithmically equidistant sections for efficient measurements, 
each subdivided with 110 linear equidistant spaced frequencies. 

2.5.2. Evaluation of estimated transfer function 
Using multi-sine signals enables the detection of linear and nonlinear 

behaviour, whereby the assumption of linear behaviour is verifiable. 
The coherence function, which grades the linearity of the input and 
output signals on a scale of zero to one, serves for evaluation purposes. A 
value of one indicates exact linear behaviour. The estimation of the 
transfer function is based on the H1 principle [15]. 

2.6. Test bench stiffness 

To compare the measurements with the theoretical model (see Sec-
tion 3), the model must also consider the influence of the test bench. For 
this purpose, we measured the deflection at static load without hy-
draulic supply and dry bearing surfaces. Fig. 3 shows the measured data. 
Due to the flatness errors and surface roughness (see Table 2), the 
contact stiffness is nonlinear at low preload (< 1.25 kN). However, 
constant stiffness and constant contact conditions exist from 1.25 to 
4 kN. Since the hydrostatic oil film compensates for the existing un-
evenness, a constant stiffness of the test bench kTB, independent of the 
preload, is assumed during the tests. 

Without hydrostatic, the frequency spectrum of the test bench has no 
eigenfrequencies up to 2 kHz and thus has a constant stiffness and phase. 
Therefore, a simple spring with stiffness kTB represents the test bench in 
the simulation. 

2.7. Test procedure 

The oil film thickness h has a significant influence on the dynamic 
stiffness. As Fig. 3 shows, any preload results in elastic deformation of 
the test bench, which superposes the fluid film height during the mea-
surements. To compensate for these elastic deformations, we zeroed the 
displacement sensor at a preloaded of 4 kN. The high preload squeezes 
the fluid residues out of the mating surfaces, resulting in a defined 
contact. This procedure allows for a reproducible reference. However, 
each film height requires a different preload, which differs from 4 kN, 
resulting in a change in the elastic deformation at the corresponding 
preload. Therefore, the reading of the displacement sensor is adjusted to 
compensate for the elastic deformations of the test bench. This 
compensated film height equals the sum of the nominal fluid film height 
and the elastic deformation resulting from the change in preload relative 
to 4 kN. 

The film thickness was set before each measurement. Subsequently, 
the test bench was tempered under the selected operating conditions for 
at least four hours to reach thermal equilibrium. The film thickness was 
then set again to compensate for thermal deformation. Finally, the fre-
quency response function (FRF) was measured. This procedure ensured 
stable conditions for the measurements. 

For the actual FRF measurement, the force actuator excited the 
system with the multi-sine and the displacement transducer measured 
displacement simultaneously. Each measurement represents the average 
of five consecutive individual measurements to increase robustness. By 
repeating the set of measurements twice, errors are detectable. 

3. Theory 

Fig. 4 shows a schematic illustration of a circular SR bearing, the 
nomenclature used in this article and a schematic pressure profile. The 
fluid enters the bearing at the inner radius r0 with the inlet pressure p0. 
From here the fluid passes the recess with a height hI. At the step radius 
r1, a step with height hs reduces the film to thickness hII. The step 
pressure is denoted by p1. The step pressure p1 drops to ambient pressure 
at the outer diameter r2. 

The following assumptions are made for the hydraulic fluid:  

• No inertia effects.  
• The hydrostatic film is incompressible.  
• Compressibility between capillary and pocket.  
• Constant viscosity. 

Table 4 
DAQ hardware.  

Device Type Amplifier DAQ module 

Force sensor CFT/20 kN CMC/ 
20 kN 

NI-9239 

Displacement sensor PISeca D − 510.051 E-852.10 NI-9239 
Temperature sensor PT 100 class A, 4 wire - NI-9219 
Pressure sensor WIKA PE 81.60 Model A-10 - NI-9205 
Force actuator PI P842.20 E-617 LVZT NI-9263  

Fig. 3. Static force-displacement behaviour of the test bench.  

Fig. 4. Nomenclature and pressure profile of the shallow recess 
bearing geometry. 
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• No cavitation.  
• No dissolved air.  
• No elastic deformation of the bearing geometry.  
• The dynamic displacement is relatively small (20 times less than the 

film thickness hII).  
• Neglectable hydraulic inductance of the capillary. 

Furthermore, the model assumes an ideal and identical geometry for 
all three bearing pockets. Table 2 and Table 3 contain the corresponding 
values. 

3.1. Mathematical model 

3.1.1. Static stiffness of a shallow recess hydrostatic bearing (SR) 
As mentioned previously, the SR HS bearing cavity depth is of the 

same magnitude as the film thickness, so the calculation must consider 
its hydraulic resistance. Fig. 5 shows the hydraulic schematics of the 
studied SR HS bearing, comprising the two annular clearances (recess 
and land). The hydraulic resistance of the annular clearance is well 
known [3]. Bassani assumes laminar flow and a small film thickness 
relative to the width of the annular clearance. In addition, the author 
neglects inlet losses into the clearance and assumes isothermal flow, 
respective constant viscosity. Transferring the existing approach to the 
SR bearings requires the assumption that the transition from the recess 
to the land does not influence the laminar flow or introduce transition 
losses. Based on these assumptions, the hydraulic resistance of the SR HS 
pocket RSR is the sum of the hydraulic resistance of the recess RI and land 
RII. 

RI =
6μln

(
r1
r0

)

π(hII + hs)
3 (2)  

RII =
6μln

(
r2
r1

)

πh3
II

(3) 

With known hydraulic resistance of the SR bearing and the bearing 
inlet pressure, the volume flow through the SR bearing can be calculated 
by Q = p0/RSR. Based on the continuity equation Q = QI = QII, the 
volume flow Q is equal to the flow over the recess QI and the land QII. 
With known volume flow and hydraulic resistance of the land, the step 
pressure is calculated by the equation p1 = QRII. By substituting the 
volume flow, the general equation of the step pressure p1 is obtained. 

p1 = p0
RII

RI + RII
(4) 

The force introduced by the pressure over the annular clearance area 
of the HS bearing is also known [3]. This study divides the pressure 
profile into two parts, as shown in Fig. 4, denoted by 1 and 2 (not I and 
II). The total force Fp is the sum of the two forces, based on the pressure 
part 1 respective pressure part 2. 

Fp = F1 + F2 (5)  

F1 =
π
2
(p0 − p1)

⎛

⎜
⎜
⎝

r2
1 − r2

0

ln
(

r1
r0

)

⎞

⎟
⎟
⎠ (6)  

F2 =
π
2

p1

⎛

⎜
⎜
⎝

r2
2 − r2

1

ln
(

r2
r1

)

⎞

⎟
⎟
⎠ (7) 

Differentiation of the force leads to the stiffness k. 

k = −
dFp

dz
(8) 

Combining (4),(6),(7) and (8) gives the stiffness of a SR pocket kSR: 

kSR = 3πh2
I h2

IIhspp

(
r1

2
(

ln
(

r1
r0

)
+ ln(r2

r1
)
)
− r0

2ln(r2
r1
) − r2

2ln(r1
r0
)
)

2
(

h3
II ln

(
r1
r0

)
+ h3

I ln
(

r2
r1

))2 (9)  

3.1.2. Static stiffness of a shallow recess hydrostatic bearing compensated 
by a capillary (SR+CAP) 

Fig. 6 shows the hydraulic schematics of the SR HS bearing 
controlled by a linear hydraulic resistance (capillary). It consists of a 
fixed resistance of the capillary RCAP and a variable resistance of the 
recess and the land. 

Based on the continuity equation Q = QCAP = QI = QII, the volume 
flow through the capillary QCAP equals the volume flow over the recess 
and the land. Combined with the pressure loss equation, the pressure at 
the HS pocket inlet p0 is: 

p0 = pp
RI + RII

RCAP + RI + RII
= pp

RI + RII

R
(10) 

and the pressure at the bearing step p1 is: 

p1 = pp
RII

RCAP + RI + RII
= pp

RII

R
(11) 

The sum of (6) and (7) is the total force Fp. The differentiation of Fp 

results, according to (8), in the general expression of stiffness for shallow 
recess bearings with external capillary kCAP. 

kCAP = −
πpp(r0

2 − r1
2)

2ln
(

r1
r0

)

(

σ1(RCAP +RII) −
3RII

hIIR

)

+
9μpp

(
r2

2 − r1
2
)

h4
IIR

−
3μpp

(
r2

2 − r1
2
)
σ1

h3
II

(12)  

σ1 =
3
R2

(
RI

hII + hs
+

RII

hII

)

(13)  

3.1.3. Squeeze damping 
Fig. 4 shows a schematic of the SR HS pocket. The HS pocket consists 

of two sections. The first section is the recess, indicated by I, whereas the 
second section is the land, marked by II. The model assumes that a 
displacement of member A in the vertical direction causes two distinct 
phenomena that may be separately considered. 

The first phenomenon is the HS bearing effect [16]. However, this 
effect only serves to preserve the fluid film in the bearing and is, 
therefore, negligible. The second phenomenon is the squeeze effect of 
the liquid in the thin film. In contrast to the first effect, this causes a 
damping behaviour. 

The Reynolds equation in polar coordinates (radius r and angle ϕ) is 
the governing equation for the squeeze damping of circular bearings 

Fig. 5. Hydraulic schematics of SR HS bearing.  
Fig. 6. Hydraulic schematics of the SR HS bearing controlled by a linear hy-
draulic resistance (capillary). 
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[17]. 

∂
∂r

(

rh3∂p
∂r

)

+
1
r

∂
∂ϕ

(

h3 ∂p
∂ϕ

)

= 12μr(wA − wB) (14) 

The model assumes that the pressure is circularly symmetric and 
therefore ∂p/∂ϕ = 0. The bearing consists of two sections and in each 
section, the film thickness h is not a function of r. Member A moves 
downwards at the velocity wA and member B is stationary (wB = 0). 
Therefore, (wA − wB) = − ∂h/∂t. Eq. (14) reduces to: 

∂
∂r

(

rh3∂p
∂r

)

= − 12μr
∂h
∂t

(15) 

The damping constant dSR results from mathematical trans-
formations. Appendix C shows the derivation procedure in detail. 

3.1.4. Dynamic pocket pressure of a shallow recess hydrostatic bearing 
compensated by a capillary 

With a capillary, the assumption of constant supply pressure is no 
longer valid. Instead, the continuity equation is required to calculate the 
transient pocket inlet pressure p0(t). The system under consideration is 
the hydraulic capacity of the compressible volume V between the 
capillary and pocket inlet. 

When the bearing is statically loaded, the volume through the 
capillary QCAP into the bearing must be equal to the flow out of the 
bearing, i.e., the flow through the recess and land QSR. In case of a dy-
namic loading, the squeeze flow Qsq and the flow due to compressibility 
QC must also be considered to satisfy the continuity equation. 

QCAP(t) = QSR(t)+Qsq(t)+QC(t) (16)  

QC(t) =
V
K

˙Δp0(t) (17)  

QCAP(t) =
pp − p0(t)

RCAP
(18)  

Qsq(t) = ḣ(t)Ae (19)  

QSR(t) =
p0(t)
RSR(t)

(20)  

p0(t) = p0 +Δp0(t) (21) 

The existing inlet pressure deviation Δp0(t) can be calculated by 
numerical integration of the rate of pressure change ˙Δp0(t). 

3.2. Dynamic models 

Due to the inherent throttling, shallow recess bearings do not need 
external compensating devices, reducing the compressible fluid volume 
to a minimum. As a consequence, the fluid compressibility is negligible. 
Therefore, the derived stiffness (9) and damping (C.10) are sufficient to 
describe the SR bearing. The analogous mechanical replacement model 
consists of a spring and a damper. Fig. 7 shows the corresponding 
equivalent model on the left, accounting for the test bench. The equation 
of motion for this configuration is: 

mndSR

kTB
x⃛ =

(
nkSR

kTB
+ 1

)
(
Fdyn − mẍ

)
+

ndSR

kTB
Ḟdyn − ndSRẋ − nkSRx (22)  

with the moving mass m, number of pockets n and external dynamic 
excitation force Fdyn. 

An additional external compensation device significantly increases 
the compressible volume of the system. As a result, the fluid 
compressibility is not negligible. Therefore, a simple spring can no 
longer represent the stiffness because of the frequency dependence. 
However, the squeeze damping remains identical. Fig. 7 shows the 
corresponding equivalent model on the right, taking the test bench into 
account. The equation of motion for this case is as follows: 

mndSR

kTB
x⃛ = − mẍ − ndSRẋ+

ndSR

kTB
Ḟdyn +Fdyn + nΔFp (23)  

ΔFp = F1(Δp0(t) )+F2(Δp0(t) ) (24)  

where F1 and F2 are calculated according to Eqs. (6) and (7), but with 
pocket inlet pressure deviation Δp0(t) for ΔFp. 

3.3. Simulation 

Two MATLAB Simulink 2020a models were created based on the 
equations of motion from the previous section. The first model describes 
the SR bearing. The second model considers the influence of an addi-
tional capillary on the SR bearing. 

Fig. 7. Dynamic models for SR (a) and SR+CAP (b).  

Table 5 
Experimental uncertainty.  

Parameter Symbol Unit Uncertainty 

Film thickness hII µm 0.9 
Step height hs µm 0.3 
Supply pressure ps MPa 0.1 
Fluid temperature T K 0.4 
Dynamic viscosity ν ‰ 1.8 
Hydraulic resistance of the CAP RCAP % 4 
Isothermal tangent bulk modulus K % (20)  
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4. Results and discussion 

We investigated the dynamic compliance at 5, 10, 15 and 20 µm film 
thickness. According to Eq. (1), the fluid temperature significantly af-
fects the viscosity. Therefore, each simulation accounts for the measured 
fluid temperature of the experiment. Similarly, the simulation uses the 
measured film thickness of the particular experiment. Each measure-
ment represents the average of five consecutive individual measure-
ments to increase robustness. By repeating the set of measurements 
twice, errors are detectable. Compliance bode plots allow for evaluating 
and comparing the experimental and theoretical data. 

4.1. Uncertainty 

4.1.1. Experimental uncertainty 
The experimental uncertainty depends mainly on the individual 

uncertainties of seven parameters. Table 5 lists the parameters and their 
systematic uncertainties. 

Because we could not determine the air content of the hydraulic 
fluid, the uncertainty of the isothermal compression modulus is only an 
estimation. 

4.1.2. Uncertainty of the estimated transfer function 
Assuming ideal behaviour, the standard deviation of the estimated 

amplitude and phase can be calculated based on the number of mea-
surements and the coherence function [15]. 

4.2. Comparison of the simulation and measurement of a shallow recess 
hydrostatic bearing 

Fig. 8 shows the measured and simulated dynamic compliance for 
the SR bearing. For comparison, the figures show the simulation results 
with and without considering the test bench stiffness. In addition to the 
simulation with nominal values, the figure shows the simulation with 
the experimental uncertainty, according to 4.1.1. Due to the principle of 
operation, the external hydraulic resistance and bulk modulus do not 
have any influence. To increase clarity and enable a qualitative evalu-
ation, the uncertainty shown in the figure only includes the dominant 
influence, which is the uncertainty of the bearing geometry. The critical 
parameters of the bearing geometry are the film thickness hII and the 
step height hs. 

Simulations and measurements show minimal deviation, especially 
at medium film thicknesses. At 5 µm film height, the simulation over-
estimates the measured compliance. A possible reason may be the 
assumption of an ideal bearing geometry, whose relative error is the 
largest at small film heights. The low coherence at a film thicknesses of 
15 and 20 µm below 1 Hz is conspicuous. The suspected cause for this is 
the hydraulic pulsation of the supply, but this cannot be conclusively 
confirmed. A slight deviation is present for film thicknesses above 15 µm 
and frequencies greater than 1 kHz. Taking into account the experi-
mental uncertainties, the measurements and simulation show excellent 
agreement and validate the developed model. 

It is evident for all film heights that the test bench has a significant 
influence on the result of the simulation. The cause for this is the serial 
connection of the dynamic stiffness of the SR bearing and the static 
stiffness of the test bench (see Fig. 7). Because the stiffness and damping 
of the SR bearing depend solely on the film geometry and fluid prop-
erties, they are frequency independent and thus constant. However, due 
to the frequency independent damping constant, the dynamic stiffness 

increases with increasing excitation frequency. The test bench stiffness is 
also frequency independent and thus constant. As a result, at low fre-
quencies, the dynamic bearing stiffness is significantly lower than the 
static stiffness of the test bench. Therefore, the dynamic behaviour of the 
SR bearing is dominant and the simulations with and without the test 
bench only differ marginally. At high frequencies, the stiffness ratio 
changes so that the dynamic behaviour of the test bench dominates the 
measurements and the simulation. Therefore, the compliance and the 
phase angle converge with increasing excitation frequency towards 
those of an oscillator with mass m and stiffness kTB. 

The simulation and measurement comparison of the shallow recess 
bearing compensated by a capillary (see Fig. 9) shows the measured and 
simulated dynamic compliance for the four film thicknesses. All mea-
surements use the identical external restrictors designed for 20 µm film 
thickness. Therefore, the influence at shallow film thicknesses is almost 
negligible, whereas the impact increases with increasing film thickness. 

The figure includes a simulation with and without the test bench 
extended with the effect of the uncertainties. Due to the introduced 
capillary, the bulk modulus and the external hydraulic resistance are no 
longer negligible. The two dominant uncertainties are now the bearing 
geometry and the bulk modulus. At low film height, where the influence 
of the capillary is negligible, the geometric uncertainty can explain the 
deviation between the measurement and the simulation. With the 
increasing influence of the capillary with the film height, the influence 
of the bulk modulus becomes the second dominant uncertainty. 

The simulation and measurements show minimal deviation but are 
marginally higher than the SR without an external compensation device. 
The effect of low coherence is also present at 20 µm and below 1 Hz. A 
slight deviation is present for film thicknesses above 10 µm and fre-
quencies greater than 1 kHz. Considering the experimental un-
certainties, the measurements and the simulation show excellent 
agreement and validate the developed model. 

Analogous to the measurements without an external compensation 
device (capillary), the dynamic behaviour of the test bench dominates 
the measured FRF at high frequencies, both the compliance and the 
phase angle. 

4.3. Influence of the compressible volume on a shallow recess bearing 
compensated by a capillary 

The damping of SR bearings only depends on the geometry of the 
bearing and the dynamic viscosity of the fluid. Therefore, it is not 
influenced by the compressible volume (see Appendix C). According to 
Eq. (8), the bearing stiffness corresponds to the ratio of the differentials 
of the bearing force and the film height. A change in film height affects 
the pressure profile, respectively, the bearing force, according to two 
different mechanisms:  

• Change in the step pressure p1 due to inherent control of SR bearings.  
• Change in the pocket inlet pressure p0 due to external capillary. 

In the case of dynamic excitation, the inherent stiffness of the SR 
bearing remains constant, but the compressible volume reduces the in-
fluence of the capillary due to the decreasing bearing inlet pressure 
deviation Δp0. According to 3.1.4, the dynamic pocket pressure is 
calculated based on the flow continuity equation. By rearranging Eq. 
(17), the relationship between pocket inlet pressure deviation and 
compressible volume becomes apparent: 
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Fig. 8. Dynamic compliance - shallow recess bearing (without capillary).  
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Fig. 9. Dynamic compliance - shallow recess bearing compensated by a capillary.  
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Δp0(t) =
K
V

∫

Q(t)dt (25) 

According to this equation, the pocket inlet pressure deviation is 
inversely proportional to the compressible volume. Thus, with 
increasing compressible volume and identical volume flow, the pressure 
change of the system decreases, i.e., the system response is damped. This 
effect also increases with the excitation frequency since the magnitude 
of the integral of the volume flow decreases with decreasing period. An 
extension of Fig. 6 by the compressible volume V leads to Fig. 10. 

Analogous to electric circuits, the combination of a constant hy-
draulic resistance and a hydraulic capacity behaves as an RC low pass 
filter. Its cut-off frequency fc,RC can be calculated by: 

fc,RC =
1

2π RSRRCAP
RSR+RCAP

C
(26) 

As the influence of the CAP increases with the film thickness, the 
following study deals with 20 µm film thickness. Fig. 11 shows a 
parameter study on the impact of the compressibility, varied by the 
compressible volume. Therefore, the actual compressible volume V is 
multiplied by 0.1, 1, 10 and 100. The corresponding cut-off frequency of 
the RC low pass filter for each volume and the cut-off frequency of the 
mechanical system fc.sys are marked for reference. In addition, the figure 
contains two graphs of SR bearings without external resistance for 
reference. 

Graph SR(p0) represents a SR bearing without external resistance at 
the inlet pressure p0 (see Eq. (10)). This estimates the worst case, 
whereby the external capillary only causes a constant pressure drop 
without contributing any stiffness. Graph SR(pp) acts as a reference for 
the dynamic compliance if no external resistance is used and the SR 
bearing is supplied directly by the supply pressure. 

As the volume increases, the frequency decreases, up to which the 
influence of the external resistance is present. Due to the inherent 
stiffness of SR bearings, the compliance is limited for a large volume and 
tends to an envelope graph that corresponds to SR(p0). Therefore, the 
effect of an external restrictor depends significantly on the volume and 
compressibility between the restrictor and the bearing. Consequently, an 
external resistance does not necessarily lead to increased dynamic 
stiffness. For relatively large volumes, it can also have a negative effect. 
In this case, the capillary only reduces the supply pressure of the shallow 
recess bearing. 

SR bearings without external controllers have constant compliance 
at low frequencies. When adding a capillary, a correlation between 
corner frequency of the supply system fc,RC and FRF of the bearing can be 
seen in this range, causing an increase in compliance. An approximate 
estimate of the influence of an additional capillary is possible by 
comparing the cut-off frequency of the hydraulic supply fc,RC to the cut- 
off frequency fc,sys of the mechanical system. For a global reduction in 
compliance, the following ratio serves as a reference: 

fc,RC > fc,sys (27) 

If the cut-off frequency does not satisfy the requirement, the capillary 
lowers the dynamic stiffness for a specific frequency range compared to 
a standalone shallow recess bearing. 

Fig. 10. Hydraulic schematics of SR HS bearing controlled by linear hydraulic 
resistance (capillary), including hydraulic capacity. 

Fig. 11. Influence of compressible volume V on the dynamic compliance at 
20 µm film thickness. 

Fig. 12. Comparison of the measured FRF of a shallow recess bearing (SR), a 
shallow recess bearing with external capillary (SR+CAP) and a deep recess 
bearing with external capillary (DR) at a nominal film height of 20 µm. 
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4.4. Comparison of experimental FRF of a shallow recess and a deep 
recess bearing 

To classify the results presented, Fig. 12 compares the measured FRF 
of the SR bearing and the SR bearing + CAP from Fig. 8 and 9 with the 
FRF of a deep recess (DR) bearing at a film height of 20 µm. Appendix A 
contains the dimensions of the used deep recess pocket module and 
Appendix B lists the measured values of the experiment. When using the 
deep recess bearing, the compressible volume increases marginally due 
to the deep recess. To increase visibility, the individual measuring points 
are represented by their connecting lines and the measurement uncer-
tainty representation is neglected. 

The static compliance of the deep recess bearings is generally lower 
than that of the SR+CAP and SR bearings [9]. However, as the excitation 
frequency increases, this behaviour changes. Neglecting the measure-
ments at low frequencies (< 2 Hz), the SR bearing shows a constant 
compliance of approximately 23 nm/N, which decreases from 16 Hz. In 
contrast, both bearings with external capillary first exhibit an increase in 
compliance before it reduces. The deep recess bearing exhibits the 
highest dynamic compliance (maximum: 36 nm/N at 91 Hz), whereas 
the SR+CAP bearing exhibits a lower increase (maximum: 24 nm/N at 
29 Hz). This reduced increase is due to the inherent stiffness of the SR 
bearing, which limits the maximum compliance (see Section 4.3). Thus, 
SR+CAP bearings are more robust to the influence of hydraulic capacity 
than deep recess bearings. On the other hand, SR bearings (without 
capillary) are entirely independent of this issue. 

5. Conclusion 

State-of-the-art shallow recess bearing models refer only to static 
behaviour. This paper addresses the dynamic stiffness (compliance) of 
circular oil hydrostatic shallow recess thrust bearings theoretically and 
experimentally to expand the state of knowledge. The experiments 
validated the innovative theoretical models. Furthermore, an experi-
mental comparison was made with a deep recess bearing using the 
identical test setup to classify the dynamic behaviour of SR bearings. 

We provide:  

• An analytical model of the static stiffness and damping of shallow 
recess thrust bearings.  

• A Model of the dynamic behaviour of shallow recess thrust bearings 
with and without a capillary.  

• A method to evaluate the benefit of using shallow recess bearings 
combined with a capillary. 

For applications with periodic excitation with a wide range of fre-
quencies, such as machine tools, there are high requirements for vi-
bration elimination. However, using static parameters, predicting the 
system behaviour for such periodic loads is possible only to a limited 
extent. This paper provides a new approach to describe the dynamic 
behaviour of shallow recess thrust bearings. Especially in system design, 
a precise prediction of system behaviour is achievable. 

An analysis of the results suggests the following:  

• A spring and a damper in a parallel arrangement can represent a 
shallow recess pocket. Furthermore, the compressibility of the fluid 
is neglectable.  

• Compressibility effects are no longer negligible for shallow recess 
pockets combined with an external capillary. The volume, respec-
tive, compressibility between the hydrostatic pocket and the capil-
lary highly affects the dynamic compliance. Therefore, the stiffness 
of the spring is frequency-dependent, which introduces a phase shift. 
Thus, the model complexity increases. However, the capillary does 
not influence the squeeze damping, as it depends only on the bearing 
geometry and the fluid viscosity.  

• Unlike deep recess pockets with external capillaries, for shallow 
recess pockets, no catastrophic failure occurs at high compressibility 
due to the inherent stiffness of shallow recess bearings.  

• For infinitely high compressibility, the external capillary only lowers 
the inlet pressure of the shallow recess bearing and the overall 
compliance increases.  

• The hydraulic supply system, consisting of hydraulic resistance and 
capacity, demonstrates a low pass filter behaviour. This circum-
stance influences the maximum frequency at which the assumption 
of a constant stiffness equal to the static stiffness is justifiable. 

• The proposed computational model showed a high degree of agree-
ment with the measurements. 

The investigated film thicknesses range from 5 to 20 µm at a constant 
supply pressure of 10.5 MPa. The excitation signal ranges from 0.1 to 
2000 Hz. 
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Appendix A. ) Engineering drawings of the bearing components 

See Fig. A1 and Fig. A2. 
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Fig. A1. Engineering drawing of the pocket modules (Details X, Y and Z show the bearing geometry).  
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Appendix B. ) Table of values measured in the experiments 

See Table B1 and Table B2. 

Fig. A2. Engineering drawing of the bearing plate.  

Table B1 
Values measured in the experiments with the shallow recess bearing module.  

External compensation device Nominal film thickness [µm] Measured film thickness [µm] Supply pressure [MPa] Preloading force [N] Fluid Temperature T0 [◦C] 

No  5  4.9  10.57  3279  21.47 
No  10  10.0  10.56  2406  22.86 
No  15  15.0  10.52  1944  24.24 
No  20  19.9  10.47  1725  24.99 
Yes  5  4.1  10.55  3442  23.00 
Yes  10  10.0  10.54  2152  23.54 
Yes  15  15.0  10.51  1470  24.16 
Yes  20  19.8  10.48  1055  24.87  

Table B2 
Values measured in the experiments with the deep recess bearing module.  

External compensation device Nominal film thickness [µm] Measured film thickness [µm] Supply pressure [MPa] Preloading force [N] Fluid Temperature T0 [◦C] 

Yes  20  19.8  10.49  1649  23.2  
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Appendix C. ) Derivation of damping constant for shallow recess bearings 

Integration of (15) leads to: 

r
∂p
∂r

= −
12μ
h3

r2

2
∂h
∂t

+ c1 (C.1) 

The equation is then divided by r and integrated with respect to r. 

p = −
6μ
h3

r2

2
∂h
∂t

+ c1ln(r)+ c2 (C.2) 

Equation (C.2) describes the pressure distribution in both sections of the HS bearing. Only the integration constants differ in each area. In the 
following, the superscript index I represents the recess and the superscript index II represents the land. The integration constants for both sections are 
derived from the following four boundary conditions:  

1) The pressure at the inlet of the shallow recess is equal to zero (p(r0) = 0 ). Further, σ2 = 6μ ∂h
∂t is substituted into (C.2). 

0 = −
σ2

h3
I

r2
0

2
+ cI

1ln(r0)+ cI
2 (C.3)    

2) The pressure at the outlet of the land is also equal to zero (p(r2) = 0 ).

0 = −
σ2

h3
II

r2
2

2
+ cII

1 ln(r2)+ cII
2 (C.4)    

3) Pressure at the step (r = r1) is equal for both areas. 

−
σ2

h3
I

r2
1

2
+ cI

1ln(r1)+ cI
2 = −

σ2

h3
II

r2
1

2
+ cII

1 ln(r1)+ cII
2 (C.5)    

4) The last condition addresses the pressure gradient at the step for both areas. The condition is obtained by integrating (15) over an infinitely small 
region around the step from the left side and the right side. (Here, the film thickness h changes with radius r) Thus, 

rh3
II

∂p
∂r

|

r+
= rh3

I
∂p
∂r

|

r−
(C.6) 

r ∂p
∂r is substituted from (C.1) and thus 

cII
1 h3

I − cI
1h3

I = 0 (C.7) 

The integration of pressure in the recess and land areas leads to the corresponding squeeze forces. 

Fsq,I =

∫

AI

pIdA =

∫ r1

r0

2πrpIdr (C.8)  

Fsq,II =

∫

AII

pIIdA =

∫ r2

r1

2πrpIIdr (C.9) 

Squeeze damping force Fd equals the sum of force (C.8) and (C.9). Squeeze damping corresponds to the quotient of damping force relative velocity 
of the bearing surfaces (see Fig. 4, components A and B). 

dSR =
dnum

dden
= −

Fd

w
(C.10) 

The equations for the numerator and denominator of the squeeze damping dSR are: 

dnum = 6πμ(hI
6r1

4 + hII
6r0

4 + hI
6r2

4 + hII
6r1

4 − 2hI
3hII

3r1
4 − 2hII

6r0
2r1

2 − 2hI
6r1

2r2
2 − hII

6r0
4ln (r0) − hI

6r1
4ln (r1)+ hII

6r0
4ln (r1)+ hII

6r1
4ln (r0)+ hI

6r1
4ln (r2)

+ hI
6r2

4ln (r1) − hII
6r1

4ln (r1) − hI
6r2

4ln (r2)+ 2hI
3hII

3r0
2r1

2 − 2hI
3hII

3r0
2r2

2 + 2hI
3hII

3r1
2r2

2 − hI
3hII

3r0
4ln (r1) − hI

3hII
3r1

4ln (r0)+ hI
3hII

3r0
4ln (r2)

+ 2hI
3hII

3r1
4ln (r1)+ hI

3hII
3r2

4ln (r0) − hI
3hII

3r1
4ln (r2) − hI

3hII
3r2

4ln (r1))

(C.11)  

dden = 4hI
3hII

3(hI
3ln (r1)+ hII

3ln (r0) − hI
3ln (r2) − hII

3ln (r1)) (C.12)  
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