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Abstract
Constantly increasing demands for accuracy, surface quality, and higher production productivity associated with machining 
time reduction, all of which are to be achieved together with a cost-savings demand, create room for production optimiza-
tion in complex part machining. This is especially true for difficult-to-machine materials, where great emphasis is placed on 
maintaining the technological conditions during machining, as the optimum value adjustment range is very narrow. When 
milling complex–shaped parts, the specified cutting conditions are not reached when the technological operation is set up 
for tools with a circular cutting edge. This is caused by the continuous change of contact point between the tool and the 
workpiece together with the fact that the cutting conditions are conventionally set to the tool reference point. Therefore, 
this paper contributes to the clarification of the feed rate control issue during point milling of complex–shaped parts and 
presents a feed rate optimization method to maintain a constant feed per tooth at the contact point along the entire toolpath. 
The proposed optimization method is based on the new derived relationship between the feed rate at the contact point and 
the feed rate at the tool reference point using the calculation of the actual pole of the movement of the tool reference point 
and actual pole of the movement of the contact point. This relationship is then used to recalculate the feed rate value at tool 
reference point to maintain the constant feed rate at contact point. The proposed method is then experimentally verified, and 
the advantages of applying this method are presented.
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1  Introduction

Generally, in milling operations, the feed rate is specified 
at the tool reference point, i.e. the tool tip point (TT). Fig-
ure 1 schematically shows climb milling of a contour where 
the tool performs a straight-line motion during 2D milling 
operation (the tool is shown in a section perpendicular to the 
tool axis). In this case, the prescribed feed rate to the tool 
centre is the same for each point on the tool, as indicated by 
differently coloured feed rate vectors. The red vector indi-
cates the feed rate of the tool tip point (vf_TT) which is the 
same as the feed rate (vf) specified by technologist, while the 
black vectors indicate the identical feed rate of the remaining 
parts of the tool. The blue and purple vectors vf_OUT and 

vf_CP are identical in magnitude and direction to the other 
vectors, but are differentiated by colour and markings due to 
their importance in the subsequent clarification of consid-
eration of the angular velocity’s effect on the feed rate. The 
blue vector (vf_CP) represents the feed rate at the contact 
point of the tool with the workpiece (CP). The purple vector 
(vf_OUT) represents the feed rate on the opposite side of the 
tool that is not in contact with the workpiece.

However, when machining circular segments or general 
curves, the situation is different. The feed rate is still pro-
grammed to the tool tip (that follows the circle of radius 
RT), but due to the angular velocity, the tool tip moves at 
a different feed rate from the pole of movement compared 
to the “contact point” (that follows the circle of radius 
RW) and “outside” of the tool (Fig. 2). At the contact point 
between the cutting tool and the contour of the workpiece, 
the feed rate prescribed by the programmer is not achieved. 
In other words, the feed rate per tooth, which is normally 
carefully selected to consider the tool’s cutting edge life, is 
not observed, which can affect tool wear (especially when 
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machining difficult-to-machine materials), cutting stability 
and possibly deteriorate workpiece accuracy and surface 
quality.

In the context of the current state of the art of feed rate 
control, several areas related to feed rate control in milling 
were identified. The most comprehensive area is undoubt-
edly research into feed rate optimization aiming to achieve 
constant material removal or constant machining perfor-
mance. Another area where feed rate control is applied is 
when a constant feed per tooth needs to be achieved due to 
the actual curvature of the toolpaths. A very extensive area is 
covered by papers focused on achieving smooth motion and 
therefore smooth feed rate changes by offline modification 
of toolpath points, i.e. modification that is performed before 
the NC program enters the control system. However, feed 

rate control must also be resolved at the level of NC program 
online processing directly in the control system, which is 
another extensive research area. Today, feed rate control is 
also applied at the level of digital twin machining. There are 
also applications using feed rate control to ensure a constant 
feed per tooth as a technological side effect when changing 
the spindle speed to achieve a constant cutting speed. The 
areas will now be analysed in more detail.

An analytical method of finding the characteristic of the 
actual engagement angle of 2.5D toolpaths was discussed 
by Gupta [1]. Using this method, the characteristic of the 
engagement angle was found to be of the same quality as 
using discrete simulation, which is used to verify toolpaths. 
Therefore, the determination of the engagement angle can be 
the basis for recalculating the feed rate. Uddin et al. [2] dis-
cuss an algorithm for modifying semi-finishing toolpaths to 
achieve constant performance during finishing machining. In 
their paper, they compare the benefits in accuracy achieved 
after machining and machining time. They compare the 
proposed method for 2D toolpaths with the conventional 
machining method, and in addition, they show a comparison 
with a method using feed rate control instead of toolpath 
modification. The authors also present the finding that dur-
ing feed rate control, the desired feed rate is not achieved 
by the control system due to the setting of the machine axis 
drive parameters.

Ma et al. [3] indicate the importance of the shape of the 
workpiece surface on the appropriate toolpath geometry set-
ting and achieving the resulting surface roughness. There-
fore, they proposed a method to compute the toolpath geom-
etry for a given workpiece surface shape which is based on 
the creation of tool feed vector maps. At each location on the 
workpiece surface, the height of the remaining material is 
determined both in the plane longitudinal to the tool motion 
and in the plane transverse to the tool motion direction. The 
optimum tool movement direction at the toolpath point is 
then selected based on achieving the minimum height of 
remaining material on the workpiece surface as determined 
by the tool feed vector maps. After a machining test, the 
achievement of a better surface roughness is evaluated using 
the proposed toolpath calculation method. However, the 
analysis of the characteristic of the actually achieved feed 
rates along the toolpath is not performed.

Bagri et al. [4] express in their work the importance of 
toolpath radius on tool life in micromachining. Therefore, 
they propose a method using neural networks to predict 
tool wear with consideration of tool runout. The input 
parameters include cutting forces, toolpath radius, depth of 
cut, feed, speed and also the actual tool wear condition as 
determined by measurement. The result is a prediction of 
the remaining tool life based on the input values. The out-
come of the study is that the higher the toolpath radius, the 
lower the tool life. However, the causes are not discussed, 

Fig. 1   Climb milling

Fig. 2   Feed rate relationships when machining radii
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and the analysis of the feed rate characteristic is lacking. 
The method is suitable for planar machining.

Mali et al. [5] in their paper present a very extensive 
analysis of current approaches to the optimization of 
machining of complex-shaped parts. One of the important 
parameters for optimization is to maintain a constant mate-
rial removal rate and maintain a constant tool load during 
machining, which has a positive effect on machining sta-
bility and the tool life. Modifying the toolpath to achieve 
a constant material removal rate has also been investigated 
for five-axis toolpaths, as shown, for example, by Liu et al. 
[6]. The scope of research in this case concerns toolpaths 
for machining inner corners by flank milling.

Ghorbani et al. [7] proposed a method to detect the 
intersection volume of tool and workpiece along the tool-
path from CL data. The intersection is detected using nine 
toolpath points with one of these points being the current 
toolpath point, then one previous point, one next point, 
and then three points from the neighbouring toolpath on 
the right and three points from the neighbouring toolpath 
on the left. The cutting forces are then calculated based 
on the current material removal rate. The method is ready 
for machining with ball end mills. The advantage is the 
applicability of this method in CL data processing. The 
disadvantage of this method is very low accuracy for con-
cave shapes which have high curvature.

An analytical method for calculating cutting forces suit-
able for curved toolpaths is presented by Zhang et al. [8]. 
Do et al. [9] demonstrated the importance of maintaining 
a specific feed rate value to obtain the desired roughness 
value Ra when machining a part made of hardened SKD 
11 steel. Wu et al. [10] present two-step feed rate opti-
mization. Firstly, based on the cutting force calculation 
model and the observed material allowance, a corrected 
feed rate characteristic is calculated to achieve constant 
cutting performance, and in the second stage, the feed rate 
characteristic is adjusted to produce smooth movements.

The neural network method was used by Xie et al. [11] 
to predict the spindle load characteristic in three-axis 
machining and then optimize the feed rate to achieve a 
smooth spindle load characteristic without abrupt changes. 
In their paper, Liu et al. [12] presented a position-oriented 
process monitoring method, which is based on calculating 
the actual material removal rate, predicting vibration and 
cutting power during machining, and then modifying the 
feed rate in an NC program. The advantages of this opti-
mization are presented when the machining of two thin 
aerospace parts (one in aluminium alloy and the other 
in titanium). The method is unique in that it is based on 
the results obtained by synchronizing the sensed signals 
obtained directly from machining and the data regarding 
the tool position relative to the part from the NC program.

Park et al. [13] presented a feed rate control method based 
on achieving a constant cutting force, which they imple-
mented directly into the specific control system of a newly 
developed machine tool. Offline feed rate recalculation based 
on the maximum allowable cutting force, which is calculated 
and modelled in dependence on the actual geometry of the 
toolpath and the material being removed, was presented by 
Hemmett et al. [14]. Ma et al. [15] presented another non-
traditional approach to maintaining smooth cutting force 
changes where no feed rate control is used, but the design 
of toolpaths is such that changes in tool position relative to 
the part lead to smooth changes in the amount of material 
currently being removed. Qin et al. [16] proposed two feed 
rate control variants (continuous and discrete) to achieve bet-
ter machining quality while reducing machining time. This 
method relies on the prediction of vibration during machin-
ing, but is limited to conical-shaped parts. The approach 
involves achieving the highest possible cutting force when 
the machining is stable.

A method for selecting the optimum spindle speed, 
cutting width and feed rate in three-axis machining was 
presented by Sun et al. [17]. This method is based on the 
principle of predicting the cutting forces and calculating 
the material removal rate per tooth and then predicting the 
machining errors, which must not exceed permitted values. 
Kiswanto et al. [18] present the effect of feed rate setting 
on burr formation during micromachining by performing 
machining tests. By adjusting the feed rate appropriately, 
burr formation can be prevented, and the quality of machin-
ing can be improved.

Erkorkmaz et al. [19] established algorithms for feed rate 
planning that also include the machine tool drive parameters. 
To achieve the smoothest feed rate changes, toolpath points 
are also replanned by approximating the points from CL data 
with spline curves. The result is a feed rate characteristic 
determined by the limits of the machine tool drives and the 
cutting forces.

García-Hernández et al. [20] deal with recalculation of 
feed rate when trochoidal toolpaths are realized. The feed 
rate value is then recalculated according to the angular 
movement of the tool along the toolpath. The equations used 
for feed rate control are prepared exactly for the 2D trochoi-
dal toolpaths to respect the circular segments of movement. 
It is stated that the milling experiments performed on the 
CNC machine tool showed the slightly lower tool wear in 
the case when the feed rate is recalculated, but the measured 
values are not given. The method of achieving constant feed 
per tooth at contact point using feed rate control with respect 
to an angular velocity of the tool in 2D toolpaths in gen-
eral is presented by Vavruska et al. [21]. They showed the 
positive effect of maintaining the constant feed per tooth by 
achieving of lower differences in the measured characteristic 
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of cutting forces than in the conventional case of milling. 
Krajnik et al. [22] presented feed rate optimization based 
on detection of the toolpath curvature radius combined with 
feed rate control capabilities in the control system. With this 
optimization, the desired feed rate is maintained.

In the work of Rahman et al. [23], iterative selection of 
feed per tooth, based on a cutting force constraint derived 
from a static tool deflection model and feed rate and tool 
length changes, is combined to calculate machining time. 
The results suggest potential machining time savings. The 
importance of achieving the necessary feed rate to maintain 
the required accuracy in micromachining was presented by 
Sodemann et al. [24]. They used a feed rate recalculation 
based on the actual toolpath radius in combination with an 
algorithm to appropriately segment the toolpath and approxi-
mate segments by a curve. Yau et al. [25] presented feed rate 
recalculation during interpolation using NURBS curves with 
consideration of the toolpath shape and machine dynamics 
settings.

Mayor et al. [26] presented two toolpath segmentation 
method solutions leading to increased machining efficiency. 
Both methods lead to an increase in feed rate and hence 
save machining time by adjusting the distribution of tool-
path points to achieve smooth motion while controlling the 
machine tool drives. In order to eliminate sharp changes 
(discontinuities) in acceleration, an optimization method was 
developed by Zhang et al. [27] to generate a smooth toolpath 
based on the allowable tolerance. This method is based on 
the use of the third trajectory derivative, i.e. pseudo-jerk, as 
an optimization parameter to obtain a trajectory for smooth 
tool motion relative to the part. The method was designed 
and tested for two-axis control in the XY plane, where the 
jumps of abrupt change in acceleration were removed to 
achieve smooth motion. Chen et al. [28] presented the unit 
arc length increment scanning method (UALISM), which 
was developed to efficiently calculate and adjust the feed rate 
at the corners of complex toolpaths (defined by parametric 
curves). The calculation is based on an approximation that is 
dependent on the maximum allowable deviation and maxi-
mum defined velocity and acceleration of machine tool axes. 
Savings in machining time were achieved.

Research is also focused on interpolator solutions for 
control systems. Yeh et al. [29] proposed an interpolation 
method using adaptive feed rate control to reduce linear 
interpolation errors. The algorithm checks and ensures a 
specified error (deviation) limit on linear segments. Farouki 
et al. [30] proposed feed rate optimization (implemented 
in the control system) depending on the curvature of the 
machined surface. Pythagorean-hodograph (PH) curves were 
used for the solution. A reduction in cutting forces during 
machining was verified through experimental application of 
feed rate control.

Tikhon et al. [31] proposed a NURBS interpolator solu-
tion based on adaptive feed rate control to achieve a con-
stant material removal rate. A reduction of cutting forces 
and increase in tool life using the proposed interpolator was 
experimentally demonstrated. An improved interpolator 
solution for controlling the feed rate along the toolpath was 
presented by Farouki et al. [32], where the coefficients of the 
third-degree Taylor polynomial were solved for refining. The 
authors mention that higher accuracy was achieved in reach-
ing the toolpath, but they also state that interpolators using 
this calculation method will not achieve the same accuracy 
as interpolators using PH curves.

Tsai et al. [33] presented an algorithm that generates a 
time-dependent function to recalculate the feed rate (depend-
ing on the curvature of the paths) and uses the derivative of 
this function to control the magnitude of the feed rate change 
during machining. A feed rate control algorithm based on 
smoothing two consecutive curves to achieve smoothness of 
motion was presented by Zhang et al. in [34]. The proposed 
feed rate calculation is suitable for three-axis control and is 
capable of real-time operation, making it suitable for imple-
mentation in a control system. Sencer et al. [35] proposed a 
solution that is also based on achieving smooth tool motion; 
however, quintic Bézier blends with six control points are 
used to smoothly move between the linear toolpath move-
ments. The authors mention the advantage of achieving G2 
continuity compared to other solutions and thus achieving 
smooth feed rate control.

Ward et al. [36] proposed an advanced optimization loop 
using digital twin machining including real-time simula-
tion. Both motion smoothness and vibration occurrence 
are predicted in this simulation, and spindle speed and feed 
rate control are optimized so that vibrations do not occur 
during machining. The use of this optimization method is 
demonstrated in the machining of a thin-walled part, where 
machining vibrations have been eliminated. Vavruska et al. 
[37] introduced a dynamic spindle speed control method 
together with feed rate control for milling with a circular 
cutting edge tool to achieve constant cutting speed. This 
paper outlines the benefits of the proposed method, such as 
achieving higher surface quality and reducing machine time. 
However, the feed rate control does not include the influence 
of the toolpath curvature. Käsemodel et al. [38] presented 
a surface speed optimization function for milling free-form 
shapes with a ball-end mill, which takes several parameters 
as inputs, such as normal vector, feed per tooth, programmed 
cutting speed, maximum spindle speed and the previously 
generated NC code. They developed stand-alone software 
to recalculate the surface speed for each machine tool posi-
tion and when the RPM difference due to the effective tool 
diameter change was greater than 50 compared to the pro-
grammed value. Vavruska et al. [39] validated an extended 
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model for spindle speed control with respect to acceleration 
of the machine tool spindle. It was shown that the extension 
of the model by a specific value of spindle acceleration has 
a significant effect on the calculation of the feed rate in order 
to maintain a constant feed per tooth. It was also proven that 
spindle speed control has a significant effect on increasing 
tool life in milling operations.

Segonds et al. [40] proposed a new analytical model to 
predict the total scallop height taking into account the effect 
of the feed rate. The model is prepared for three-axis milling 
operations. It has been proven by the machining experiments 
that the prediction of scallop height does not deviate by more 
than 5% compared to the measured value. The model has 
been verified using the toolpaths used for milling the flat 
surface when the tool is tilted by specific angle. It has been 
stated that the feed rate has a significant effect on the scallop 
of machined surface. The proposed model has significant 
importance when preparing the setup of cutting conditions 
for point milling operations.

This overview shows that feed rate control is approached 
from many different perspectives. However, the effect of 
the toolpath shape itself on feed rate planning has thus far 
only been addressed in three papers, and only for 2D tool-
paths. However, situations that are similar to the level of 
two-axis control and have been mentioned in [20] also occur 
in three-axis and multi-axis control. Thus, if the tool motion 
is not only linear, the angular velocity with respect to the 
current tool motion pole is also included in the resulting 
motion velocity at the contact point between the tool and 
the workpiece. To date, no literature has been found that 
deals with the calculation of the real feed rate at the contact 
point between the tool and the workpiece in three-axis and 
multi-axis control. No solution has been found so far that 
focuses on planning the feed along a three-axis or multi-
axis toolpath to achieve a constant feed per tooth directly 
at the contact point. Therefore, this paper aims to present 
a method for calculating the real feed rate at the contact 
point between the tool and the workpiece and a method for 
correcting the feed rate to achieve a constant feed per tooth 
in milling operations. This means that the proposed method 
will consider the angular movement of the tool to recalculate 
the feed rate to achieve the constant feed per tooth directly 
in the contact point. The second objective pursued by this 
paper is to investigate the effects of this feed rate control 
during machining on the machine tool.

2 � Calculation of the real feed rate at contact 
point

To calculate the actual feed rate at the contact point, it is 
necessary to proceed through the calculation of the ratio 
of actual radius of the pole of tool tip movement and actual 

radius to the contact point. If we focus on the movement 
between the toolpath points in three-axis control, this is 
linear movement (linear interpolation), but this would only 
really be true if the control was carried out in “exact stop” 
mode (control system mode), which would result in inter-
mittent movement along the toolpath, which is undesirable 
when machining shaped surfaces because of the resulting 
surface smoothness and, of course, because of machining 
productivity. However, continuous three-axis control uses 
a mode in which many toolpath points are loaded forward 
(look-ahead mode), which allows the control system to cal-
culate continuous feed rate changes along the toolpath, mak-
ing the motion continuous rather than intermittent. How-
ever, the real tool motion is then distorted by the controller 
at partial toolpath points, i.e. the partial toolpath motions 
are no longer linear but form a continuous curve. This hap-
pens because of the continuous-toolpath mode (look-ahead 
mode) of the controller is used when point milling opera-
tions. Then, the same applies to the connection of the partial 
contact points between the tool and the workpiece at the 
partial toolpath points.

2.1 � Pole of tool tip movement

When setting the finishing toolpath, the technologist 
defines the feed rate, which is realized on the toolpath, 
i.e. at the tool reference point. However, the tool is not in 
contact with the workpiece at the tool reference point, but 
at a contact point that is constantly moving on the tool ball 
end profile. The contact point therefore also creates a path 
in the form of a curve during tool movement according to 
the workpiece surface shape. Figure 3 shows two positions 
of the tool relative to the workpiece when point milling 
of the complex shape. In fact, it is not needed to main-
tain the feed rate at the tool tip point (point TT in Fig. 3), 
which is specified by the technologist, but it is needed to 
maintain the feed rate at the actual contact point between 
the tool and the workpiece (i.e. CP in Fig. 3). This is the 
only way to maintain the feed per tooth, which needs to 
be kept at a constant value in terms of cutting conditions. 
If the radius of curvature of the contact point path and 
the radius of curvature of the tool tip movement (pole of 
motion) are known, the ratio of these dimensions can be 
used to recalculate the feed rate from the tool tip point to 
the contact point between the tool and the workpiece. This 
issue arises in all cases of point milling using cutting tools 
with a circular cutting edge (ball-end mills, toroidal mills, 
tapered mills with a ball end, etc.). Therefore, the equa-
tions mentioned below, which will be used for further cal-
culations, will be applicable for the use with tools with a 
circular cutting edge in general. The issues are similar for 
multi-axis machining cases. By the fact that in such cases 
the orientation of the tool relative to the part changes, it 
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is necessary to take into account the unit vector (which 
determines the orientation of the tool axis in space) in 
some of the calculations. According to the fact mentioned 
in the first paragraph of this chapter, the actual radius of 
the movement (pole of motion) at a given toolpath point 
can be calculated from the toolpath points.

One possible solution for determining the radius of move-
ment would be to use the standard calculation of a circle 
from three consecutive points in the toolpath. However, 
there is a difficulty here which lies in the way each CAM 
system calculates toolpath points, i.e. it calculates linear 
interpolations within a certain envelope (defined by the tol-
erance value) around the ideal toolpath curve to achieve a 
certain minimum required number of toolpath points. The 
result may be, for example, that shown in Fig. 4, which 
also has implications for the toolpath points, e.g. this has 
the effect that if we determine a circle at a certain toolpath 
point (TTn) from the current three consecutive points (TTn-1, 
TTn, TTn + 1), its radius is different than that of a circle that 

we construct immediately at the next point of the toolpath 
(TTn + 1) from the next three points (e.g. TTn, TTn + 1, TTn + 2). 
The radius should be the same. Through linear interpolation 
of the curve, the radii of successive circles are slightly var-
ied, and thus the result is not a smooth change.

Therefore, the proposed solution would reduce the 
influence of the positional error of the generated points 
from CAM by adding more points to the circle calculation 
algorithm, and thus the resulting circle would be a best 
fit approximate to the provided set of points. Six toolpath 

Fig. 3   Tool movement relative to the workpiece when radius surface 
machining

Fig. 4   Computational error in three-point circle calculation

Fig. 5   Points used for the calculation
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points TTn-3, TTn-2, TTn-1, TTn, TTn + 1 and TTn + 2 (Fig. 5) 
have been selected as surely sufficient number of points. 
The toolpath tolerance is used to be very narrow (e.g. 1–6 
μm) when finish milling of complex-shaped surfaces to 
achieve enough points to make the toolpath as smooth as 
possible; therefore, the six points are very close together, 
and the radius can be reliably calculated also on curvature 
transitions. The best fit would be calculated using the least 
squares, which gives a good compromise between compu-
tational efficiency and accuracy. The needed output would 
once again be the circle centre coordinates and its radius.

To be able to find the best fit circle, all the input points 
must lie on the same plane since a circle is a 2D shape. 
However, the outputted points from the CAM software may 
not always lie on the same plane, either because of the 
positional error caused by the toolpath tolerance or simply 
because of the shape of the toolpath/workpiece curvature. 
This needs to be resolved first before computing the best 
fit circle using the best fit plane as a numerical approxima-
tion from the provided set of tool tip points. Once the best 
fit plane equation has been found, the input set of tool tip 
points is projected into the best fit plane, and the best fit 
circle can be calculated using these points. The best fit 
circle algorithm is used to compute the circle centre and 
its radius RT. The next step is to compute the radius RW the 
same way as well. The ratio of radius RW and radius RT will 
be the compensation coefficient for the optimized feed rate.

2.2 � Best fit plane calculation

The goal is to find a plane that will lie as close as possible to 
a set of k 3D points (P1, …, Pk) which are in fact the points 
(TTn-3, TTn-2, TTn-1, TTn, TTn + 1, TTn + 2) when calculating RT, 
respectively (CPn-3, CPn-2, CPn-1, CPn, CPn + 1, CPn + 2) when 
calculating RW. The best fit plane can be found using least 
square method. At first it is evaluated based on the sum of the 
squared orthogonal distances between the plane and the points. 
Let the plane be described by a point C belonging to the best fit 
plane and a unit vector �⃗n , which is the normal to the plane. The 
orthogonal distance between a point Pi and the plane is then (
Pi − C

)
⋅ �⃗n . The plane can then be found by solving (1), (2) 

and (3). To find a best fit plane, a criterion (1) must be adhered 
to. Point C is defined by (2). A matrix (3 x k) marked by A is 
defined as (3). The plane unit normal vector �⃗n and plane base 
vectors �⃗vbase1,2 are given by solving the singular decomposi-
tion A = USVT, where U is a unitary matrix, S is rectangular 
diagonal matrix and V is complex unitary matrix. The outputs 
�⃗vbase1 = U(∶, 1), �⃗vbase2 = U(∶, 2) and �⃗n = U(∶, 3) are needed 
to define the best fit plane.

(1)min
C,||n||=1

∑k

i=1

((
Pi − C

)
⋅ �⃗n

)2

2.3 � Best fit circle calculation

Once the best fit plane is known, the input set of k 3-D points 
(P1, …, Pk) must be projected into this plane. A directional 
vector �⃗v for each point P is calculated as �⃗vi = Pi − C.

The directional vector �⃗v is then transformed from 3D 
into 2D coordinates using a 2 × 3 transformation matrix 
T as �⃗v2Di

= T �⃗vi . The transformation matrix is defined as 
T =

[
�⃗vbase1, �⃗vbase2

]T.
The transformed directional vector �⃗v2D elements also 

represent the 2D coordinates of the 3D point in the best fit 
plane.

Given a finite set of points in ℝ2, the next step is to find 
a circle that best fits the points. The general circle equation 
in ℝ2 formed as (4), where x0 and y0 are the coordinates 
of circle centre, can be also simplified using (5) and (6). 
The equation for multiple input points can be written in the 
matrix form as (7).

To simplify the notation, the matrix and vectors from the 
system of Eq. (7) can be labelled as (8). The system of linear 
equations B �⃗d = �⃗b does not have an exact solution unless it 
is calculated with exactly three points (k = 3). To find the 
approximate solution, it means to find �⃗d

∗
 (complex conju-

gate of �⃗d ) using (9) and (10). The equation can be solved by 
matrix inversion using (11).

(2)C =
1

k

∑k

i=1
Pi

(3)A =
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P1(x) − C(x) P2(x) − C(x) … Pk(x) − C(x)

P1(y) − C(y) P2(y) − C(y) … Pk(y) − C(y)

P1(z) − C(z) P2(z) − C(z) … Pk(z) − C(z)
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(4)
(
�⃗v2Di(x) − x0

)2
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)2
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T
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2
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2

2Di(y)
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0
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0
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The results are the circle centre coordinates x0, y0 and 
the value r, from which is the circle radius RT calculated 
using (6).

The radius RW is then calculated exactly the same way as 
the radius RT; however the points (CPn-3, CPn-2, CPn-1, CPn, 
CPn + 1, CPn + 2) instead of (TTn-3, TTn-2, TTn-1, TTn, TTn + 1, 
TTn + 2) are used now for calculation, so RW replaces now the 
RT in (4), (5) and (6).

3 � Algorithm and feed rate optimization

The optimization is based on calculating the circle radius 
from six consecutive tool tip points, which are defined by 
the toolpath and circle radius (respectively contact points). 
The computed circle radius RT can be compared to the radius 
RW, and the radius ratio of these two values is calculated. 
The radius ratio tells whether the part surface is convex or 
concave (Fig. 6).

The recalculation of feed rate to get the optimized 
value is based on considering the angular speed of the 
tool movement. The calculation of the feed rate at the 
contact point is simply derived from the fact that the 
tool tip point and the contact point have to change their´s 
positions when the tool is moving between the toolpath 
points in the same time period (tblk). The angular veloci-
ties of movement of the contact point and tool tip are dif-
ferent. Since we know the centre of the circle that defines 
the motion of the contact point and the two consequent 
contact points (CPn-1, CP), then we also know the angle 
that defines the change in position of the contact point 
(δCP). Since we know the centre of the circle that defines 
the motion of the tool tip and the two consequent tool 

(9)min
‖‖‖ �⃗b − B �⃗d

∗‖‖‖

(10)BTB �⃗d
∗
− BT �⃗b = 0

(11)�⃗d
∗
=
(
BTB

)−1(
BT �⃗b

)

tip points (CPn-1, CP), then we also know the angle that 
defines the change in position of the tool tip (δTT). These 
parameters are seen in the Fig. 7. The time period tblk is 
then defined by Eq. (12):

The angular velocity of the contact point (ϖCP) and angu-
lar velocity of the tool tip point (ϖTT) are defined by (13) 
and (14):

(12)tblk = δCP∕�CP = δTT∕�TT

(13)�CP = vfCP∕RW

Fig. 6   Convex and concave 
milling difference

Fig. 7   Parameters needed for recalculation of feed rate
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The exact value of feed rate specified by the technologist 
is needed to be achieved directly in the contact point. This 
means that the vf_CP has to be considered as this is the value 
of vf, which is the specified value of feed rate and the vf_TT 
is the value that is needed to be recalculated because this is 
the value generated to the NC program.

The optimization function then calculates the new pro-
grammed (optimized) feed rate, which is obtained using a 
radius ratio, the angles ratio and the programmed feed rate 
vf (15). This equation is obtained by substituting Eqs. (13) 
and (14) into Eq. (12).

However, by recalculation of the feed rate to maintain 
a constant feed per tooth in the contact point, not all the 
necessary cutting conditions, which affect the resulting 
qualitative and performance parameters achieved dur-
ing machining, are maintained. The value of the cutting 
speed has a very significant influence. As mentioned in 
the introduction, when machining shaped parts by tools 
with circular cutting edge, the cutting speed at the con-
tact point is not maintained as well [35]. Therefore, the 
optimization algorithm was extended by first calculating 
the real cutting diameter of the tool based on the contact 
point and also the required spindle speed to maintain a 
constant cutting speed.

Real cutting radius of the tool is calculated using (16), 
where C is the contact point, SC is the centre of ball end 
mill and �⃗e is the unit vector of tool axis. The optimized 
spindle speed is then calculated as (17), where vc is the 
desired cutting speed. Feed rate is then calculated by (18) 
where fz is feed per tooth and z is the number of teeth.

3.1 � Optimization algorithm

The algorithm of the new proposed feed rate optimiza-
tion function based on the calculations mentioned above 
can be seen in Fig. 8. It can be seen that the algorithm 
checks if the three consequent toolpath points (TTn-1, TTn, 
TTn + 1) form a line (if the two consequent toolpath move-
ments form a line), where the optimization is not applied.

(14)�TT = vfTT∕RT

(15)vf_opt = vf_TT =
(
RT∕RW

)
⋅
(
δTT∕δCP

)
⋅ vf

(16)RR =
||||
[
SC +

|||
(
CP − SC

)
⋅ �⃗e
||| ⋅

(
−�⃗e

)]
− CP

||||

(17)Sopt =
(
1000 ⋅ vc

)
∕
(
2 ⋅ π ⋅ RR

)
,where ∶ vc is in

[
m∕min

]
and RR is in [mm]

(18)vf = fz ⋅ z ⋅ Sopt

The proposed optimization function can be used in 
three options. The first option is used to optimize only the 
feed rate to keep the feed per tooth constant, the second 
option is used to optimize the spindle speed, and also the 
third option is used when combining the feed rate optimi-
zation with spindle speed optimization is needed to keep 
the feed per tooth constant as well as the cutting speed 
constant (Fig. 9).

3.2 � Effect of optimization on feed rate

The algorithm mentioned above is programmed and 
directly implemented into the postprocessor as depicted 
in Fig. 10 for simply usage after creating the toolpath in 
the CAM system. In order to be able to observe how feed 
rate changes are distributed along the toolpath prepared 
in the CAM system, an algorithm was adopted so that 
the postprocessor generates not only the NC program, 
but also an optimized CL data file that can colour the 
toolpath in CAM system to display the feed rate values. 
This makes it possible to see the feed rate changes that 
occur along the toolpath so that a constant feed per tooth 
is maintained at the point of contact between the tool and 
the workpiece. This is a benefit for the technologist, who 
can verify and possibly rearrange the toolpath in regard 
to specific needs. This is only a secondary functionality; 
the main functionality is the generation of optimized NC 
program, where the cutting conditions are automatically 
optimized without requiring any additional action from 
the technologist. This means that no toolpath modifica-
tions are needed.

As previously mentioned, the weakness of the first 
simple circle calculation method relates to computational 
accuracy because of the three input points as shown in 
Fig. 4. A demonstrative geometry has been selected and 
is shown in Fig. 11 along with the feed rate values for 
the generated toolpath (cyan curve). The first way based 
on computing the circle using three points gives the feed 
rate characteristic represented by the blue curve. This 
characteristic tends to oscillate around the correct values. 
The feed rate values obtained from the proposed algo-
rithm based on the best fit circle gives a smooth charac-
teristic, which is represented by the orange curve. The 
characteristics are obtained for the required feed rate set 
on the value of 300 mm/min, which is the conventional 
feed rate value (represented by grey line). In general, 
there are three sections on the sample toolpath where 
the optimization of feed rate is needed. The sections are 
marked by the Roman numerals (I, II, III). Two sections 
marked by I and III are the sections where the reduction 
of feed rate is needed, because of the concave surface. 
However, the section marked by II needs primarily the 
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increase of feed rate because it is the convex surface, 
but the decrease of feed rate is needed as well, because 
of the influence of the actual angles ratio (according to 
the Eq. (15)).

This simply shows the possibility of using the pro-
posed feed rate calculation method in practice. Only the 
method based on computing the best fit circle will be 
used from this point onwards.

Fig. 8   Feed rate optimization algorithm flowchart

Fig. 9   Combined optimization function

Fig. 10   Postprocessing workflow with implemented feed rate optimi-
zation function
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4 � Experimental verification

The intention is to analyse the benefits of the proposed opti-
mization method on the real effects of the new optimization 
function on the real feed rate characteristic on the machine 
tool, tool life, energy consumption and roughness.

Therefore, two parts were chosen for testing purposes. In 
principle, they consist of one and the same surface (Fig. 12), 
but in the first case, the surface will be machined from the 
concave side and in the second case from the convex side. 
Given the shape and the toolpath, it is convenient to demon-
strate the advantages, differences and potential of the opti-
mization method.

The tool used for the finishing operation was a 16-mm 
2 teeth ball end mill, the cutting speed set in CAM was 70 
m/min, and the feed per tooth was 0.1 mm. These cutting 
condition settings lead to a conventional feed rate value 
of 278.6 mm/min. These cutting condition settings were 
selected because of the subsequent test performed on the 
machine tool, which entailed milling a bowl-shaped mould 
(Fig. 17) made of difficult-to-cut stainless steel 1.4462 as 
the testing part.

4.1 � Analysis of the effect of optimization on feed 
rate control

First, the influence of the part shape or the toolpath on the 
feed rate control is analysed, taking into account the angular 
velocity. First, only the calculated feed rate is investigated, 
and then the real feed rate achieved by the control system on 
a real machine tool is examined.

The application of this feed rate control is demonstrated 
on machining operations for finish milling. The finishing 
operations are set up so that the toolpath points are inter-
polated only in the X-Z plane in each pass, and the Y-axis 
is applied only to the transition sections between the sub-
passes. The coloured toolpaths according to the calculated 
feed rates used for the NC programs for finishing machining 
of the selected surfaces for testing are shown in Fig. 13 (left 
for concave surface, right for convex surface). According to 
the displayed feed rate profiles, the differing influence of the 
shape of the machined surface or toolpath on the resulting 
feed rate can be seen. As the figure shows, in curved sections 
of the toolpath, the feed rate is modified and depends on 
where the contact point between the tool and the workpiece 
is located in relation to the toolpath. The green colour indi-
cates where the newly calculated feed rate is practically the 
same as the conventional feed rate value. Locations where 
the tool must achieve a higher feed rate than the conventional 
value rate are marked in graduated shades of yellow to deep 
red. Locations where the tool must achieve a lower feed rate 
than the conventional rate value are indicated by shades of 
blue to black. It is evident that these areas are reciprocal for 
the convex and concave surfaces.

Fig. 11   Comparison of the two methods of computing the feed rate 
characteristics

Fig. 12   Selected profile of surface for testing

Fig. 13   Coloured toolpaths to 
vizualise percentual optimized 
feed rate changes
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Figure 14 shows a graph depicting the feed rate profiles 
for the entire toolpath for both the convex and the concave 
surfaces, but also shows the conventional feed rate value. 
As can be seen, for most of the toolpath in the convex sur-
face case, the tool is forced to accelerate to achieve a con-
stant feed per tooth, while in the concave surface case, the 
tool is forced to decelerate. The graph shows the individual 
passes within the total toolpath by the partial feed rate peaks. 
The conventional feed rate value is achieved at the areas of 
the passes between the partial cutting motions of the tool 
which are the areas where the path curvature approaches a 
flat section. While it may appear from this graph that there 
are sharp increases in feed rate, in fact there are not. As can 
be seen from the whole characteristic, about 15 peaks per 
10 min are achieved, which means a time of about 40 s per 
period between two peaks. This is not a challenging task 
for the control system and the machine tool. However, the 
achievement of realistic feed rates for toolpath subsections 
will be further analysed.

4.2 � Measurement of feed rates directly 
in the machine tool control system

A Tajmac ZPS MCFV 5050 LN 3-axis milling machine tool 
with a Sinumerik 840D control system was chosen for test-
ing purposes. This machine tool is equipped with a spindle 
with a maximum spindle speed of 15000 RPM and ISO 40 
tool interface.

It was necessary to verify whether the machine and the 
control system will actually be able to achieve the desired 
feed rate changes when executing the NC program. There-
fore, one toolpath subsection was prepared on both types of 
surfaces, and for this toolpath, an NC program was generated 
with an optimized feed rate, i.e. feed rate changes on each 
block of the NC program. Four values of the basic (conven-
tional) feed rate were chosen: 278.6, 500, 1500 and 3000 
mm/min, i.e. commonly used feed rate values.

The toolpath for machining the concave surface is shown 
in Fig. 15a. The measured and programmed feed rate char-
acteristics are then shown in Fig. 15b–e. The measured feed 

rate values show that the control system is able to maintain 
the change in programmed feed rate as required for optimi-
zation during actual machining. Machining times for con-
ventional control of feed rate and also for optimized feed rate 
control were obtained from controller as well. The compari-
son of machining times is shown in Table 1, and it is clearly 
seen that the machining times are higher in the case of opti-
mized control of feed rate because of the concave surface, 
where the maintaining of constant feed per tooth needs to 
reduce feed rate at certain sections of toolpath.

The toolpath for machining a convex surface is shown in 
Fig. 16a. The measured and programmed feed rate profiles 
are then shown again in Fig. 16b–e. From the measured feed 
rate values, it is again evident that the control system can 
maintain the change in programmed feed rate as required for 
optimization during actual machining. The actual measured 
feed rate characteristic in Fig. 16e shows that the control 
system at 3000 mm/min has some difficulty in maintaining 
the feed rate at the required value at the very beginning and 
at the end of the path. This is due to the path geometry itself, 
i.e. the distribution of toolpath points and machining at such 
a high feed rate. These changes are not affected by feed rate 
optimization, as it is clear that this occurs in sections where 
no change in feed rate is required. Machining times for con-
ventional control of feed rate and also for optimized feed 
rate control were obtained from controller as well. The com-
parison of machining times is shown in Table 2, and it is 
clearly seen that the machining times are lower in the case of 
optimized control of feed rate because of the convex surface, 
where the maintaining of constant feed per tooth needs to 
increase feed rate at certain sections of toolpath.

Therefore, these tests show that machining optimization 
can be applied in real machining and the feed rate changes 
will be implemented by the control system as required.

4.3 � Tool life test

Tool life test was performed on the bowl-shaped mould 
(made of difficult-to-cut stainless steel 1.4462), which con-
sists of the concave surface (Fig. 12) mentioned above. All 

Fig. 14   Comparison between 
feed rate characteristics
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the milling cases were performed (conventional, feed rate 
optimization, spindle speed optimization, spindle and feed 
rate optimization).

A Rotana R-14154 solid carbide ball end mill with two 
teeth, 16 mm diameter, helix angle of 40° and RotalH coat-
ing was used for the finishing operation. The workpiece was 
clamped in a three-jaw-chuck as seen in Fig. 17.

The selection of initial cutting conditions was primarily 
driven by the tool producer based on the machineability of 
the material. The cutting speed was set at 70 m/min and feed 
per tooth was set at 0.1 mm. Flood cooling was used for this 
experiment.

First, the workpiece was roughened so that finishing oper-
ations could be performed. The finishing operations were 
repetitions created by shifting the Z-axis by the height of the 
remaining material (0.2 mm). After each shape was milled 
(as a layer) on the workpiece, the tool was removed from 
the spindle and inserted with the tool holder into the fixture 
on the Keyence VHX-7000 microscope, where the wear on 
both cutting edges was measured. The maximum cutting 
edge wear on the flank, noted as VBmax, was evaluated. The 
machining was repeated until the wear value VBmax reached 
200 μm on one of the tool blades.

Figure 18 shows an example of a tool cutting edge wear 
comparison after milling the same area, specifically after 
machining of eight layers, i.e. 18.72 dm2, each by one spe-
cific tool. The wear comparison shows that the tool that had 
been milling using the conventional NC program is at the 
end of its life as so in the case of feed rate optimization, 
while the tool that had been milling using NC programs 
based on the spindle speed optimization shows wear (VBmax) 
of the cutting edge on the value of 157 μm. The tool that 
had been milling using NC programs based on combined 
optimization of feed rate and spindle speed shows the lowest 
value of cutting edge wear (VBmax = 120 μm).

By observing the wear in more detail, a difference 
between the conventional case and the feed rate optimiza-
tion can be found too. In the case of feed rate optimization, 
the chipping near the cutting edge is less noticeable and 
more uniform.

The cutting edge wear is most noticeable at the diam-
eter that corresponds to the largest area of the toolpath, 
which is located on a section of the machined surface 
with an inclination of approximately 5°. The machin-
ing test results are shown in Table 3. Based on the feed 

Fig. 15   Comparison of measured and programmed feed rates when 
milling concave shape

Table 1   Machining time of one concave shape toolpath

Machining time

Feed rate 
[mm/min]

Conventional  
[s]

Optimized  
[s]

Difference  
[%]

279 34.28 35.36 + 3.16
500 19.13 19.71 + 3.03
1500 6.08 6.16 + 1.28
3000 3.29 3.35 + 1.57
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rate optimization principle of keeping the feed per tooth 
constant, the machining time with feed rate optimization 
is longer (55 min) than the conventional (53 min). The 

machining time using the spindle speed optimization is 
the lowest (26 min), because the spindle speed optimiza-
tion increases the spindle speed to keep the cutting speed 
constant and the feed rate is recalculated too according 
to actual spindle speed value. The machining time using 
the combination of both optimizations (spindle speed 
and feed rate) is little higher (27.5 min) compared to the 
spindle speed optimization, because of the achieving the 
constant feed per tooth on concave surface. However, 
the benefit of combined optimization is prolonged tool 
life because the tool has milled 25 surfaces per tool life, 
which is more than four times higher tool life compared 
to the first two cases (conventional and feed rate opti-
mization), and compared to the spindle speed optimiza-
tion case, it prolonged the tool life by two more surfaces 
machined.

Fig. 16   Comparison of measured and programmed feed rates when 
milling convex shape

Table 2   Machining time of one convex shape toolpath

Machining time

Feed rate 
[mm/min]

Conventional [s] Optimized [s] Difference [%]

279 48 46.81 − 2.47
500 26.81 26.15 − 2.47
1500 9.39 8.43 − 10.15
3000 4.97 4.46 − 10.31

Fig. 17   Machining setup
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4.4 � Surface roughness measurement

In order to compare machined surface roughness under dif-
ferent cutting conditions, the milling was carried out so that 
the toolpaths were adjusted to face the centre of the part. 
This made it possible to mill one layer of the part divided 
into four segments so that roughness could be measured on 
one machined layer. The division of one machined layer into 
four segments is shown in Fig. 19.

Surface roughness measurements were carried out in the 
direction of tool movement (along the toolpath–longitudinal 
roughness) at three different levels (marked L1, L2 and L3 
in Fig. 17) on the machined surface for each of the four sur-
face sections of the surface machined under different cutting 
conditions’ control options. Five measurements were made 
at each level, which means 15 measurements per surface (the 
points are visible in Fig. 19). The roughness measurements 
were carried out using a Mahr LD130. The averaged meas-
ured values for each surface are shown in Table 4.

Ra values are surely the most frequently used parameter 
for evaluation of whether a machined surface achieves the 

required roughness. It is evident that the Ra values are nearly 
the same for the conventional and feed rate optimization 
variants, but the Ra value is lower for spindle speed opti-
mization, and lower Ra value was achieved of combined 
feed rate and spindle speed optimization. The parameter Rz 
increased slightly for all optimizations in comparison with 
the conventional case, but the changes are insignificant. The 
parameter Rsm was increased where feed rate optimization 
was applied, but reduced when the spindle speed optimiza-
tion as so as combined feed rate and spindle speed optimi-
zation were applied. It is evident that the combined feed 
rate and spindle speed optimization to maintain the constant 
cutting speed and constant feed per tooth is the option that 
produces the best results.

Fig. 18   Comparison of cutting edges of three machining options 
(after 8 machined layers)

Table 3   Machining test results Tool life test Conventional Feed  
rate opt.

Spindle 
speed opt.

Feed rate and 
spindle speed opt.

Machining time per surface [min] 53 55 26 27.5
Number of surfaces machined per tool life [-] 8 8 23 25
Total machining time (per tool life) [min] 424 440 598 687.5
Total machined area (per tool life) [dm2] 18.72 18.72 53.82 58.5

Fig. 19   Setup for roughness measurement

Table 4   Roughness measurement results

Roughness Rz [μm] Ra [μm] Rsm [μm]

Conventional 2.28 ± 0.4 0.44 ± 0.07 60 ± 12
Feed rate opt. 2.6 ± 0.25 0.45 ± 0.07 64 ± 13
Spindle speed opt. 2.52 ± 0.21 0.42 ± 0.05 55 ± 12
Feed rate and spindle 

speed opt.
2.46 ± 0.36 0.40 ± 0.05 54 ± 13
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4.5 � Power input of machine tool axes’ measurement

The energy consumption of machine tool axes was measured 
using a CA8335 Qualistar Plus Three-Phase Power Ana-
lyzer to further compare the different milling strategies. 
Each measurement was made when milling one complete 
surface layer of the concave part. Only energy consump-
tion of two machine tool axes was applicable because the 
main cutting movement is realized only in the X-Z plane 
and the Y axis is involved only during traversal movements. 
The characteristics of power input measured on the X and Z 
axes are seen in Fig. 20. The characteristics of power input 
for the case of milling with spindle speed optimization is 
not included in this figure, because they are practically the 
same as for the case of milling with feed rate and spindle 
speed optimization. The figure shows that the power input 
of the X axis is nearly the same for all cases of milling ((a) 
conventional, (b) feed rate optimization, (c) feed rate and 
spindle speed optimization). This means that the changing 
of the feed rate itself does not have a significant impact on 
energy consumption. The changes are seen on the character-
istics of the Z axis, which is more loaded. This axis moves 
the headstock and spindle in a vertical direction. The case 
of conventional milling (Fig. 20a) shows that in the middle 
section of the characteristic (and also the middle toolpath 
section), the power input does not reach very variable values. 

In the case of milling with feed rate optimization, we can 
see that in the middle section of the characteristic, the power 
input reaches almost the same values, which means that the 
milling is smoothed. However, it is evident that at the initial 
section, the power input increased very little compared to 
the conventional case. In the last case, i.e. milling using both 
optimizations (feed rate and spindle speed), it is clear that 
the power input reaches almost the same values along the 
whole section of the toolpath, which means that the move-
ments were smoothed.

5 � Conclusion

A new method for feed rate optimization was proposed. This 
method is based on maintaining a constant feed per tooth 
for point milling toolpaths and relies on the integration of 
the angular velocity of the tool movement relative to the 
workpiece directly at the contact point between the tool and 
the workpiece. Using this feed rate optimization method, 
smooth movements are achieved directly at the contact point 
between the tool and the workpiece. It was verified that the 
control system can maintain the feed rate changes along 
the toolpath exactly as required by the optimization. The 
research showed that using this optimization method results 
in shorter production times for convex surfaces where feed 

Fig. 20   The power input charac-
teristics measured on the X and 
Z axes (a conventional, b feed 
rate optimization, c feed rate 
and spindle speed optimization)
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rates are increased and conversely longer production times 
for concave surfaces where feed rates must be reduced to 
achieve a constant feed per tooth. It was also verified that 
feed rate control does not negatively affect the power input 
of the machine axes. In addition, by controlling the feed 
rate, practically uniform input power values were achieved 
compared to the conventional case. The highest benefits are 
achieved when the feed rate control method is combined 
with function for achieving the constant cutting speed, when 
the necessary technological conditions defined by the tech-
nologist during the toolpath creation in the CAM system 
are maintained. The best machined surface roughness and 
the best tool life were achieved with this optimization. The 
method can be implemented directly in a CAM system, and 
in this paper, the implementation was achieved through a 
post-processor, i.e., in the automatic generation of NC pro-
grams. It is necessary to add that no changes of toolpath 
are needed by using this optimization method. The method 
is verified for three-axis toolpaths. Although the method is 
also proposed for multi-axis toolpaths, it has not yet been 
validated in these cases. Validation for multi-axis toolpaths 
is assumed for further development in this topic.
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